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Abstract
The article surveys parameterized algorithms and complexities for computational tasks on
biopolymer sequences, including the problems of longest common subsequence, shortest common supersequence, pairwise sequence alignment, multiple sequencing alignment, structure-sequence alignment, and structure-structure alignment. Algorithm techniques built on the structural-unit level,
as well as on the residue level, are discussed.
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Introduction

Sequences, subsequences, and patterns in sequences are traditional topics in mathematics and computer
science theory that have found overwhelming importance in the analysis of DNA, RNA, protein and
related sequences. Aided by tremendous increases in the amount of biopolymer sequence data available
and by increased sophistication of the databases, computational sequence analysis has proven to be
central to cutting-edge developments in microbiology. For example, determining protein function is a
high-priority challenge. The comparison of sequences through pairwise or multiple alignment is often
used to infer the function of one sequence based on knowledge of the function of other sequences.
Alignment is used to find relatives of a gene in databases of known genes, and to help predict the
3-dimensional structure of molecules. Measuring the similarity between pairs of sequences helps to
identify conserved regions and mutations, helps in the prediction of phylogeny and provides insights
into molecular evolution. [16].
Problems related to sequence analysis often involve several variables. For example, a multiple sequence
alignment problem will have as relevant measurements of the input both the length and the number of
the sequences being aligned. There are roughly two billion nucleotides in human chromosomes on each
of the two strands forming the double-helical DNA molecule; thus, the length of the DNA sequences
being considered in an alignment problem may be very large. However, the number of sequences to be
aligned may be relatively small. One or more of the problem variables may adversely affect the problem’s
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complexity. In the framework of Parameterized Complexity, the parameter provides a systematic way
of specifying restrictions that may lead to an efficient algorithm.
In Parameterized Complexity, the parameter (which may be one or more aspects of the problem) is
included as part of the problem specification. An algorithm that is fixed parameter tractable (F P T ) has
a running time of the form f(k)nc , where k is the parameter, n is the overall input size, c is a constant
that is independent of k, and f is an arbitrary function. The parameter part of the input contributes to
the complexity through the function f(k). The main part of the problem input contributes to the overall
complexity polynomially as nc . The connection between the two contributions is usually described as
0
multiplicative: the overall complexity is f(k)nc , although an additive description, f(k) + nc can be
shown to be equivalent. For most of the problems that we consider, the value of n is usually large,
such as the length of the input sequences in a multiple alignment, while the value of k is small or
moderate, such as the number of sequences in the alignment. Although the function f is not restricted
and is usually exponential (since almost all of these important problems are NP-complete), the small
value of k and the fact that the running time is polynomial in n keeps the algorithm efficient. These
fixed-parameter tractable algorithms are efficient and useful in practice.
The parameterized complexity framework provides both a positive and a negative toolkit. Problems
that are not likely to be F P T form a hierarchy of hardness classes above F P T :

F P T ⊆ W [1] ⊆ W [2] ⊆ . . . ⊆ W [P ] ⊆ XP
The k-Clique problem is W [1]-complete and often provides a convenient starting point for W [1]hardness demonstrations. Apart from showing that fixed-parameter tractability is unlikely, W -hardness
results can be viewed as clarifying the contributions that each parameter makes to a problem’s complexity. Such clarification may suggest additional constraints that may help lead to algorithms with
increased efficiency.
The biopolymer sequences we discuss involve DNA, RNA and protein sequences. The familiar DNA
molecule consists of two strands of nucleic acids (nucleotides), smaller molecules each consisting of a
phosphate group, a deoxyribose and a base (i.e., adenine (A), cytosine (C), guanine (G), or thymine
(T)). The sequence of nucleotide bases along one strand are the complement of those along the other,
meaning that A on one strand always faces T on the other (and vice versa), and C is always facing a G.
Each of the DNA polymer strands can be uniquely represented by the sequence of bases. The phosphate
groups and deoxyribose are building blocks of what is called the backbone.
A portion of DNA, a gene encoding a protein, may separate and transcribe into single-stranded RNA
molecules. The RNA molecules make copies of DNA genes available to the cells to be turned into
proteins. An RNA polymer contains ribose instead of deoxyribose and four nucleotide bases: A, C,
G, and uracil (U) (U instead of T). Unlike DNA, RNA is a single stranded molecule, but the bases
are still complementary: the base G is attracted to C, A is attracted to U. Since it does not have the
complementary second strand as does DNA, the RNA molecule folds and twists in order to pair bases
within the same strand. The A-C-G-U string of letters is the primary structure for the RNA, while
the secondary structure is the hairpin loops (unpaired regions), stems (paired regions) and pseudoknots
(where an nucleotide in a loop bonds with a complementary residue farther away in the chain.) Nucleotides may be close together in the folded structure even when they are far apart in the sequence.
The final 3-D shape is the tertiary structure. Multiple sequence alignments have provided dramatic
successes in RNA structure prediction.
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Significantly different from DNA and RNA, a protein is a macromolecule composed of a central backbone
and a collection of amino acids, also known as residues. There are 20 different types of amino acids,
each consisting of up to 18 atoms. The primary structure of protein is the amino acid sequence, which
typically ranges between 100 to 500 amino acids long. All the proteins that a given organism can
synthesize result from translated messenger RNA transcribed from some gene, a strand of DNA that
encodes the protein [9]. Some of the side chains of the amino acids are hydrophobic (water-hating) and
this must balance with the hydrophilic (water-loving) main chain (or backbone), and other chemical
and electrostatic forces. The balance is accomplished through secondary structural elements such as
spring-shaped α-helices, more extended structures called β-sheets, or random coils. The hydrophilic
residues prefer to be on the outside of the folded up molecule (and the hydrophobic on the inside). The
amino acid sequence of a protein determines its 3-dimensional, tertiary structure.
The computational tasks discussed in this survey include pairwise sequence alignment, multiple sequence
alignment, structure-sequence alignment, and structure-structure alignment [36, 46]. Most of these
computational problems are intractable. For example, the following problems are NP-hard:
• multiple sequence alignment of an unbounded number of sequences [3, 36, 47, 71].
• structure-sequence alignment between a pseudoknotted RNA structure and a sequence [54].
• structure-sequence alignment between protein tertiary structure and a protein sequence [49].
The task of coping with the intractability of these problems has principally been approached in algorithm
design theoretical work by means of performance-guaranteed approximation algorithms [35, 42, 51, 71].
However, most of these approximation algorithms depend on expensive time trade-offs for accuracy
improvements that render them impractical for real datasets. If we consider the problem of producing
solutions whose value is within a factor of (1 + ) of optimal, then we are immediately confronted
with a natural parameter k = 1/. Many of the recent PTAS results have running times with 1/ in
the exponent of the polynomial. This is a crucial parameter to consider. Since computing approximate
solutions that are within a guaranteed error bound of at most  = 10%, a polynomial-time approximation
scheme may need to spend on the order of O(n1/) = O(n10) time [30], almost all of the theoretically
developed PTASs for sequence alignment problems are not really useful and do not provide the basis
for practical implemented software. This role has been taken by heuristics.
Parameterized complexity theory can in some sense be regarded as a formalization of important principles and issues concerning heuristic algorithms [18]. In particular, there are two main reasons to employ
parameterized computation to cope with the computational intractability of biopolymer sequence alignment.
1. One of the advantages of the parameterized framework is its ability to examine different aspects of
the data. For example, the NP-complete Closest Substring problem is an important problem
in the search for a genomic drug sequence which is “close” to some sequences (of harmful germs).
On an input of k strings, the problem seeks a length l substring in each of the given strings
(a goal string) that differs from all the strings by less than some distance d. In Section 2, we
discuss the complexity of the problem when parameterized by d alone, by k alone, by d and k
together, and for l, d and k combined. Studying the various parameterizations of a problem may
lead to a better understanding of the problem properties, possibly leading to new formulations
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of the question and ultimately to more efficient and practical algorithms. There are abundant
applications in computational biology, in particular, in sequence analysis tasks [36, 46], where the
task description contains biologically meaningful, yet small, natural parameters. For example,
the number of sequences involved in a multiple alignment may be small, or the maximum Cβ -Cβ
distance between spatially-interacting amino acids in a protein may be small [44].
2. Parameterized computation is an attractive method for sequence analysis because accurate solutions are usually sought for computational biology problems. For sequence analysis problems
arising in practice, a parameter can be used to tune the accuracy of results produced by a parameterized algorithm. For example, the minimum Cβ -Cβ distance k for two amino acids to spatially
interact determines how complex the protein tertiary structure is, and thus the difficulty of the
protein structure-sequence alignment [6, 44]. Accuracy can be gained at the expense of computation time that is only a function of k. The larger the parameter k is, the more running time
is used, and the more accurate is the solution (e.g., the more accurate is the tertiary structure
prediction via threading, where structure-sequence alignment plays the central role). Compared
with the conventional polynomial-time approximation scheme, the time function f(k)nc for such
a trade-off required by a parameterized algorithm is usually mild.
This survey reviews parameterized algorithms and complexities for computational tasks on biopolymer
sequences, and is organized as follows. Section 2 defines sequence alignment and examines algorithm
and complexity results for sequence comparison problems, including longest common subsequence,
shortest common supersequence, pairwise sequence alignment, multiple sequence alignment, and closest substring. Section 3 reviews the work in alignment of sequences with arc annotations, i.e., structure-sequence alignment and structure-structure alignment on the residue
(i.e., nucleotide or amino acid) level. Section 4 discusses efficient parameterized algorithm techniques
for structure-sequence alignment, which is indispensable in a number of important bioinformatics
tasks where structure plays an instrumental role, such as searching for non-coding RNA genes by their
structures.
For an brief introduction to parameterized algorithms and complexity, the reader is invited to consult
the survey by Niedermeier, et al. in this issue. For further details, the reader is referred to the books by
Downey and Fellows [18], Niedermeier [61], and Flum and Grohe [29] and to the other survey articles
in this issue.
The alignment tasks considered in this survey are usually presented as optimization problems. The
general form has as input a set of sequences together with the parameter. The output is an alignment α
together with an optimal objective function value f(α). The problems seek to maximize or minimize the
solution value (the objective function value) under a biologically sound similarity-scoring scheme [36].
For example, an alignment task may be to find an output sequence “similar” to two protein sequences
as measured by the minimum “distance” between them, where distance may be defined as the number
of insertions or deletions of amino acids needed to transform one into the other. A decision version of
such problems asks for a “yes” or “no” answer to the question: Is there an alignment with distance
less than (some acceptable value) k?, and usually also provides the alignment if it exists. Decision
versions can be formulated from optimization problems without difficulty (see the survey by Marx in
this journal). Cai and Chen [7] have introduced the notion of standard parameterization where the
parameter is used to bound the desired objective function value. Often the parameter in the original
optimization problem will remain as the parameter in the decision version.
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2

Sequence Alignment

In computational biology, sequence comparison is defined with the notion of alignment. An alignment is
a sequence of columns, where in each (column) position the base (or amino acid, in the case of proteins)
is identical to the base in the input sequences, mismatches it (often denoted a substitution), or a gap
has been inserted in order to reduce the number of mismatches. See Figure 1. In a sequence alignment,
a special symbol, called an indel (usually a dot or a dash or ∆) is first inserted at chosen positions in
one or more of the sequences to be aligned. (There are no dashes in the actual nucleotide or amino
acid sequences.) Then the sequences are placed one above the other in a matrix, and aligned columnby-column. The symbol is a placeholder for the nonaligned positions, called gaps, which represent
the locations of insertions or deletions that might have occured in the sequence lineages since their
divergence from a common ancestor.
Formally, let Σ denote the alphabet of characters. For DNA and RNA sequences, the alphabet will be
the set of four nucleotides, and for protein sequences it will be the set of twenty amino acids.
Definition 2.1 (Subsequence). Let R = r1 . . . rn ∈ Σ∗ be a sequence of length n, where ri ∈ Σ,
i = 1, . . . , n. A sequence S ∈ Σ∗ is a subsequence of R if S = s1 . . . sn0 , for some n0 ≤ n and there are
character positions 1 ≤ i1 < . . . < in0 ≤ n of R such that sj = rij , j = 1, . . . , n0.
Note that a substring is different from a subsequence in that a substring is a contiguous stretch in the
original sequence. For example, given the string of characters ‘parameterized’ the string ‘prize’ is a
subsequence but not a substring.
Definition 2.2 (Pairwise Alignment). Let S1 , S2 ∈ Σ∗ be two sequences of length n and m respectively. Then a pairwise alignment between S1 and S2 is the pair of sequences R1, R2 ∈ (Σ ∪ {∆})∗ of
the same length p ≥ max{m, n} such that for k = 1, 2,
(a) Sk is a subsequence of the respective Rk , and
(b) only ∆’s occur in the positions of Rk that do not belong to Sk .
Rk is called the aligned sequence of Sk , k = 1, 2. The special symbol ∆ is called indel (insert/delete).
Given such an alignment, at every corresponding position (i.e., column) of sequence R1 and R2 exactly
one of two situations may occur: (1) neither character is an indel, (2) exactly one of the characters is
an indel. In the former case, the characters are matched if they are the same and mismatched otherwise.
In the latter, the indel in one sequence can be regarded as either a deletion of one character from
the sequence, or an insertion of the corresponding character in the other. (The situation where both
characters in a column are indels is usually not considered for biologically sound alignments.) If two
residues are aligned the implication is that both residues decended from the same residue in a common
ancestor. To align the sequences means to line up the corresponding residues, inserting gaps where
necessary to illustrate the evolutionary relationship between the sequences.
Choosing the best of the many possible different alignments for any given set of sequences is an art
in itself. Various models attempt to rank alignments using ‘similarity’ scores that take into account
features such as the probability of a given amino acid mutating to another (substitution), regions that
are more prone to mutation than others (hotspots), and the number and length of gaps.
Amino acids include carbon (C), hydrogen (H), oxygen (O), nitrogen (N) and in some cases, sulfur (S),
and are characterized by having a carboxyl group (-COOH) and an amino group (-NH2). Additionally,
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Figure 1: A pairwise alignment between two protein peptides, where “:” matches two amino acids,
“.” aligns two closely related amino acids, and indel “-” is an insertion into the sequence in which it
appears, and a deletion from the other sequence.
each amino acid has side chains that give it a unique chemistry. The score for substitutions depends on
the chemical similarity of the two acids: their size and hydropathy. For example, the cost of turning
a glutamic acid (Q) into an aspartic acid (D) would be small compared to the cost of replacing the
large, very stable tryptophan (W) residue with the small glycine (G). Further, the behavior of an
amino acid depends on its immediate surroundings. In 1978, Margaret Dayhoff developed the first
substitution matrix to gain widespread usage. She analyzed the statistical distribution of mutations
and nonmutations in alignments of very closely related (homologous) protein sequences and created a
20 × 20 matrix based on the mathematical frequency of any given amino acid mutating into any other
amino acid. Her matrix is called the PAM (Point Accepted Mutation) matrix, where a PAM is a unit
that estimates evolutionary divergence. (Dayhoff also produced the Atlas of Protein Sequences, the
first protein sequence collection, which subsequently has evolved into the Protein Information Resource
(PIR) maintained by Georgetown University.) In 1992 Steve and Georgia Henikoff designed a set of
matrices they called BLOSUM (BLOck Scoring Matrix). The PAM and BLOSUM matrices are the
most commonly used scoring matrices for protein sequence alignment [15, 39, 2], although researchers
have devised many others. These and the other substitution matrices, 4 × 4 for DNA and RNA and
20 × 20 for proteins, give a score for every pair of matched or mismatched characters.
There are various ways to define the total score of an alignment (substitutions plus gap penalties), but
one of the most common is simply to sum the scores of all columns in the alignment. The score for
gaps may include a gap-opening penalty, which is a cost for the number of occurrences of opening a gap,
and a gap-extension penalty, a penalty proportional to the length of the gap. The gap score is often
defined as an affine function o + e(l − 1), where o and e are gap opening and gap extension penalties,
respectively for a gap consisting of l indels.

2.1

Pairwise Sequence Alignment: Global and Local

The Pairwise Alignment problem is to seek the alignment with the highest score (or lowest score
depending on the scoring scheme). [36]. A pairwise sequence alignment may be global or local. When
the score is taken over all columns of the two aligned sequences, the two sequences are aligned over
their entire lengths, the alignment is called a global pairwise alignment. Global alignments are used to
measure the similarity between two sequences. Given two sequences of lengths n and m (which means
there will be at least |n − m| indels), the optimal global alignment can be found in time O(nm) and
space O(nm) using a dynamic programming algorithm originally developed by Needleman and Wunsch
in the early 1970s [60]. Since then Masek and Paterson [59] applied the Four Russians technique to
get an improvement with respect to time complexity to O(nm/(logm)), though it is not considered
to be a useable improvement. The space complexity can be reduced to O(min{n, m}) by an elegant
divide-and-conquer technique [40].
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Pairwise alignment:
1) Find local
alignments
2) Chain the local
alignments
3) DP restricted
around the chain.

Figure 2: In the algorithm of Chao et al. each local alignment has a weight. A chain with the highest
total weight is found. The algorithm uses sparse dynamic programming for a rectangle restricted around
the chain.
When the problem is to align only the most similar portions of two sequences, the problem is a local
pairwise alignment. The output is the most similar portions of the two sequences. The most popular
and exploited feature of local alignments is the ability to align the two most similar portions of the two
sequences and to ignore the rest of the sequences, as the best global alignment may not include the
most conserved region.
Data-mining programs such as BLAST or Lalign use a scoring matrix similar to PAM or BLOSUM for
pairwise local comparisons between a protein sequence and a protein database or a nucleotide database.
Based on the spirit of Needleman-Wunsch’s algorithm, a dynamic programming algorithm for Pairwise
Local Alignment of time complexity O(nm) was developed by Smith and Waterman [65] in the early
1980s.
There have been few parameterized algorithms proposed for pairwise alignment problems, either global
or local. However, there are useful parameters. The method of dynamic programming for pairwise
alignment finds a best path through a matrix where the rows are the characters of one sequence and the
columns are the characters of the other. If the two sequences were very similar, the best path would lie
close to the diagonal of the matrix. One possible parameter is the width of a diagonal band along the
main diagonal in the dynamic programming table. This strategy ignores the regions outside the band
in the table in computing the alignment.
Theorem 2.1 (Chao et al. [10]).Pairwise alignment inside a region can be found in time O(k · n),
where k is the width of the region and n is the length of the shorter of the two sequences.
The algorithm by Chao et al. finds global alignments by building a chain of local alignments. This is
a linear time algorithm when the width of the band is bounded (see Figure 2). Alignment within a
band has been incorporated into the FASTA program for rapid searching of protein and DNA sequence
databases. Two sequences that are aligned together contain short subsequences that are perfectly
matched (called kernels). Scanning two sequences to find all perfect matchings of size k can be done
in linear time. The FASTA program places a diagonal line on the alignment matrix which matches
each k-size kernel found, and assumes that an area with a relatively large number of kernels is likely
to contain a good alignment. In [11], Chao et al. have extended the band alignment algorithm to deal
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with an arbitrary region. For affine gap penalties, the algorithm requires only O(F ) computation time
and O(m + n) space, where F is the area of the feasible region and m and n are the lengths of the
sequences.
Alignment within a band has also been investigated in the context of approximation algorithms. In
particular, Li et al. demonstrated a polynomial time approximation scheme for multiple sequence
alignment within a constant band [51]. Their PTASs can be extended to work when the “approximate”
positions of all letters in all sequences in an optimal alignment is known. That is, the j-th letter
of one sequence is at most a constant number of positions away (either left or right) from the k-th
letter of another sequence in the alignment. Unfortunately, this is not an Efficient Polynomial Time
Approximation Scheme (EPTAS). (An EPTAS is an FPT algorithm where the goodness of the PTAS
approximation is used as the parameter (k = 1/). For more on EPTAS, please see the survey by Marx
in this journal.) The algorithm devised by Li et al. outputs an alignment with a score that is no more
than (1 + 2/r) times optimal. In order for the alignment to approach optimal, the term containing 2/r
must approach zero, i.e., r must be large. But, the running time of the algorithm depends on trying all
possible r sequences from the n input sequences, and thus the degree of the polynomial bounding the
running time depends on the goodness of the approximation.
Other parameterizations for pairwise alignment may be considered. Since local alignment algorithms
try to minimize the distance between similar sections of the sequences and maximize the length of the
sections, both the maximum length of a gap, or the maximum length of a conserved region in the local
alignment are possible parameters.
Most parameterized complexity investigations of sequence alignment, however, focus on the more difficult problem of multiple sequence alignment instead of pairwise sequence alignment. This
is the problem of finding an optimal alignment for a given set of sequences S1 , . . . , Sr , a problem that
is NP-hard for an unbounded number r of sequences. In the rest of this section we will review the
parameterized complexity of multiple sequence alignment.

2.2

Multiple Sequence Alignment

The Multiple Sequence Alignment problem seeks to compare many nucleotide or protein sequences
simultaneously (see Figure 3). The most popular heuristic for multiple sequence alignment, used by
the Clustal family of programs [69], builds the alignment progressively two-by-two using a pairwise
algorithm. The pairwise algorithm is guided by intermediate alignments and more similar sequences
are aligned earlier than less similar sequences. The general strategy is to align two of the sequences
si , sj and fix that alignment. Then, align a third sequence sk to the alignment of si , sj . Repeat through
all the sequences. Each of the pairwise alignments has a score. The objective function of the multiple
sequence alignment is typically defined with the sum of pairs (SP) scoring function, i.e., the sum of
the scores for all the pairwise alignments; however, other scoring functions, such as sum of column
entropies, have also been proposed [19].
Mutiple sequence alignment is computationally difficult. The number of sequences that can be compared
at once is often limited to less than six [62]. Wang and Jiang showed that Multiple Sequence Alignment is NP-hard for various types of scoring schemes with the sum of pairs scoring function[71, 5, 47].
Dynamic programming extended from Needleman-Wunsch’s algorithm can be used to solve Multiple
Sequence Alignment in time O((2k − 1)nk ) on k input sequences [36]. Under the assumption that
the scoring scheme satisfies the triangle inequality, a polynomial time algorithm with the approximation
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Figure 3: A multiple alignment among five DNA sequences.
ratio (2 − 2/k) was developed [35], which was later improved to (2 − l/k), for any fixed l [3]; but the
approximation ratio for this problem cannot be arbitrarily close to 1 unless P=NP [47].
Multiple Sequence Alignment can be parameterized in various ways. With the number k of
sequences as the parameter, Bodlaender et al. showed that the general multiple sequence alignment
problem is W [t]-hard for all t ≥ 1, for an alphabet with unbounded size.
Theorem 2.2 (Bodlaender et al. [4]). General Multiple Sequence Alignment parameterized by the
number of sequences is is not FPT for unbounded alphabet.
The proof is by a reduction from the t-normalized satisfiability problem, which requires unbounded size
on the alphabet.
Just [47] showed that Multiple Sequence Alignment remains NP-hard even when no internal gaps
are allowed in the alignment. Constraining gaps to occur only at either end of each sequence is called
the Gap-0 Multiple Sequence Alignment problem. In the parameterized framework, Cai et al.
[8] considered an even more restricted Gap-0-1 Multiple Sequence Alignment where at most one
indel is allowed and may only occur at either end of each sequence.
Theorem 2.3 (Cai et al.[8]). gap-0-1 multiple sequence alignment is solvable in time O(2k k2 +
3k2n).
The idea is to pre-compute all 3 possible alignments between every pair of sequences, which takes 3n
steps for each pair, over O(k2) pairs. Then, it suffices to find the optimal alignment over all 2k possible
multiple alignments. This parameterized algorithm can be iteratively used to improve an existing
alignment by applying it at selected positions of the existing alignment [8]. Parameterized tractability
can be extended to Gap-0-c Multiple Sequence Alignment, which is the Gap-0 problem with the
added constraint that at most c indels are allowed and these may only occur at either end of each
sequence, for any fixed integer c ≥ 1.

2.3

Longest Common Subsequence and Shortest Common Supersequence

The following two special cases of the general multiple sequence alignment problem are classics in
computer science and have been extensively studied. The Longest Common Subsequence (LCS)
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problem seeks to find a common subsequence of a given set of sequences which is of the longest length.
Figure 4 shows an example of the longest common subsequence of two DNA sequences. The second
related problem is Shortest Common Supersequence (SCS) that seeks a sequence of the shortest
length of which every sequence in the given sequence set is a subsequence. A string X is a supersequence
of string Y if we can delete some characters from string X and the remaining string is equal to Y . For
example, ‘agctg’ is a supersequence of ‘act’. Likewise, a string X is a subsequence of string Y if Y is
a supersequence of X. For example, ‘act’ is a subsequence of ‘agctg’. It is known that both SCS and
LCS are NP-hard [56, 63] and it is inherently hard to approximate them [42].
The LCS and SCS problems can be parameterized by the number of sequences, by the length of the
outputted sequence, or by both the number of sequences and the length of the outputted sequence,
and for bounded or unbounded alphabet size. Several parameterizations of the Longest Common
Subsequence and Shortest Common Supersequence problems are defined as follows.
PARAMETERIZED LONGEST COMMON SUBSEQUENCE (LCS1, LCS2,
LCS3, LCS4)
Input: A set of k strings X1 , ..., Xk over an alphabet Σ, and a positive integer L.
Parameter 1: k, the number of sequences. The problem is referred to as LCS1.
Parameter 2: L, the length of the target common outputted subsequence. The problem is
referred to as LCS2.
Parameter 3: (k, L), both k and L. The problem is referred to as LCS3.
Parameter 4: (k, |Σ|), the number of sequences and the size of the alphabet. The problem
is referred to as LCS4.
Question: Is there a string X ∈ Σ∗ of length at least L that is a subsequence of Xi for
i = 1, ..., k?
PARAMETERIZED SHORTEST COMMON SUPERSEQUENCE (SCS1, SCS2,
SCS3, and SCS4)
Input: A set of k strings X1 , ..., Xk over an alphabet Σ, and a positive integer L.
Parameter 1: k, the number of sequences. The problem is referred to as SCS1.
Parameter 2: L, the length of the outputted sequence. The problem is referred to as SCS2.
Parameter 3: (k, L), both k and L. The problem is referred to as SCS3.
Parameter 4: (k, |Σ|), the number of sequences and the size of the alphabet. The problem
is referred to as SCS4.
Question: Is there a string X ∈ Σ∗ of length at most L that is a supersequence of Xi for
i = 1, ..., k, that is, for each of the input sequences?
Bodlaender et al. [4] showed that the general LCS problem when the size of the alphabet is unbounded
is not fixed-parameter tractable when either k or L are fixed and where the size of the alphabet is
unbounded.
A reduction to weighted cnf satisfiability for expressions having bounded clause size, and padded
with new (or repeat) symbols so that k = m is used to show that LCS3 is in W[1]. The idea is to
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Figure 4: The longest common subsequence of two DNA sequences, that is the subsequence only
consisting of matched nucleotides between the two.
use a truth assignment of weight k2 to indicate the k positions in each of the k strings of an instance
of LCS that yield a k-length common subsequence. Also, LCS1 remains hard for W [t] for all t when
parameterized by both the number of strings and the alphabet size. The W[1]-hardness follows from a
reduction from clique.
For alphabets of fixed size, problems LCS2 and LCS3 have been shown to be fixed-parameter tractable.
Similarly, if the target supersequence length L is the parameter, then problems SCS2 and SCS3 are
fixed-parameter tractable. There are at most LL possible supersequences [38, 62]. The results for LCS
are summarized in Table 1.
The most compelling of these problems are LCS1 and SCS1 on fixed size alphabets since the sizes of the
alphabets for biopolymer sequences are fixed, e.g., DNA and protein sequences have alphabets of size 4
(the four nucleotides) and 20 (amino acids), respectively. For alphabets of fixed size, Pietrzak solved a
long open problem by using a parameterized reduction from a version of clique to show W[1]-hardness
for LCS1 and SCS1 [62].
Theorem 2.4 (Pietrzak [62]). LCS1 and SCS1 are W[1]-hard for alphabets of fixed size.
The W [1]-hardness result rules out the possibility of algorithms of time O(f(k)nc ) for LCS1 and SCS1
problems on fixed size alphabets. One may still hope for algorithms with much better asymptotic time
complexity
than the known dynamic programming based algorithms O(nk ), e.g., possibly algorithms of
√
time O(n k ) [62]. Unfortunately, such algorithms are not likely according to a recent study by Huang
[41], who was able to show that the LCS1 problem on fixed size alphabets does not have subexponential
algorithms of time O(no(k) ) unless F P T = W [1].
Theorem 2.5 (Huang [41]). LCS1 does not have algorithms of time O(no(k) ) unless F P T = W [1],
for fixed size alphabets.
Huang also showed that the optimization version of the problem cannot have a polynomial-time approximation scheme of time O(f(1/)no(1/) ) either, for any function f. Similar results hold for LCS2
on unbounded alphabets as well [41].
Since Longest Common Subsequence and Shortest Common Supersequence are hard in general, Fellows et al. [28] examined ways of restricting the input to render the problems potentially easier.
The restricted versions, Largest Common Subobject and Smallest Common Superobject are
important in studying relationships among phylogenetic trees. Both problems are NP-hard for the
objects that are binary trees where symbols occur as leaf-labels and a subobject is defined by labelrespect hereditary topological containment. In phylogenetics, equivalent genes from several species may
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Table 1: Fixed-Parameter Tractability of longest common subsequence
Problem

Parameter

Unbounded size alphabet

Fixed size alphabet

LCS1

k

W[t]-hard, t ≥ 1

W[1]-hard

LCS2

L

W[2]-hard, but in W[P]

FPT

LCS3

k, L

W[1]-complete

FPT

be compared, or genes from the same gene family may be compared, for their level of smiliarity. The
goal is to reconstruct the ancestral tree of related species. When several species (usually only a small
number) are being compared, the leaves of the genealogical tree are labeled with the species. Each
species occurs only once in the tree–the label of the leaf. Similarly, in DNA datasets, each gene may
occur only once. This leads to the notion of p-sequences, restricting each symbol to occur at most once
in the set of sequences, and p-trees (phylogenetic trees), restricting the trees by allowing each symbol to
occur as a leaf-label at most once. A sequence is a complete p-sequence if each symbol of the alphabet
occurs exactly once in the sequence. For gene trees with gene-duplication and/or gene-loss events, trees
may use repeated-leaf labels, an rl-tree, and analogously, a sequence is an rl-sequence if symbols of the
alphabet may be repeated.
In the Maximum Agreement Subtree (MAST) problem, also known as Largest Common Subtree, we are presented with a collection of evolutionary trees for a set of species. These might be
obtained by studying different gene families, for example. Because of errors in the data, the trees might
not be isomorphic, and the problem is to compute the largest possible subtree on which they do agree.
MAST can be solved in polynomial time, and Fellows et al. [28] showed that the sequence analogue of
MAST can be solved in polynomial time.
Fellows et al. [28] investigated problems related to MAST, analogs of largest common subtree, smallest
common supertree, longest common subsequence, and shortest common supersequence for p-sequences.
Restricting attention to trees or sequences without repeated symbols seems to have a significant effect on
the problem complexity. They described an O(k|Σ|(k + log|Σ|))-time algorithm to solve the longest
common subsequence problem for inputs restricted to p-sequences, using k-dimensional dynamic
programming.
They proved that both shortest common supersequence and smallest common supertree for
inputs restricted to p-sequences and p-trees remain NP-complete, and are hard for W[1] when the
parameter is the number of input objects. The proof is by a reduction from the problem k-clique.
However, the problems are fixed-parameter tractable when the superobjects are allowed to be a bit
longer (by parameter r) than the size of the alphabet. That is, shortest common supersequence
is fixed-parameter tractable for p- and rl-sequences when the question is whether there is a common
supersequence of length at most |Σ| + r parameterized by the number of sequences and r. Based on
the method of search trees, Fellows et al. [28] presented an algorithm with running time O(kr n).
For complete p-sequences and parameter r, Shortest Common Supersequence is fixed-parameter
tractable when the question is whether there is a common supersequence of length |Σ| + r. Further,
they showed fixed-parameter tractability for shortest common supertree for a family of k complete
binary p-trees parameterized by the pair (k, r), where r represents the number of duplication events,
when the question is whether there is a common binary supertree of size |Σ| + r.
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An open question is the parameterized complexity of Shortest Common Supersequence for psequences (not required to be complete), with only the parameter r, rather than the pair (k, r). If that
problem were fixed-parameter tractable, then so would be Directed Feedback Vertex Set [28],
which is a longstanding open problem.

2.4

Common Approximate Substring

Just as in pairwise alignment which has both global and local alignment versions, multiple sequence
alignment has another formulation which may be regarded as “local multiple sequence alignment”. Local
multiple alignment has been investigated through the notion of approximate substrings [23, 24, 25, 26].
In particular, Evans et al. [23] introduced the following p-Center Approximate Substring problem
that is of the general form:
P-CENTER APPROXIMATE SUBSTRING
Input: A set F of n sequences of the same length m, integers p, l, and d.
Question: Is there a set C of p substrings of length l, such that for any S ∈ F, there is a
string in C with Hamming distance at most d from some substring of S? (Hamming distance
is the number of positions in which two sequences differ. It is only defined for sequences of
the same length.)
The p-Center Approximate Substring problem can be parameterized by various combinations of
n, p, l, and d. The intuition behind this problem is to find an approximate local consensus for the given
set of sequences. In particular, when p = 1, we are finding the local consensus. This has potential
applications in motif finding, where we are looking for a conserved pattern across distantly related
sequences.
When p = 1 and l = m (the length of the substring is the length of the sequence), the problem becomes
Center String (also known as closest string or consensus string). An application for Center
String is in primer design. Primers are small pieces of DNA (20-30 bases) that bind to a set of (longer)
target DNA sequences as a starting point for replicating (or amplifying) these sequences. How well a
primer binds to a sequence is mostly determined by the number of positions in that sequence that
hybridise to it. One approach for sequence profiling is to compute the analysis through a window, a
succession of positions, sliding along the sequence, giving a Center String problem for each window
position.
The problem Closest String is fixed-parameter tractable when parameterized on the number of input
sequences k, and it is also F P T when parameterized on the distance d for a parameterized function
bounded by dd .
Theorem 2.6 (Gramm et al. [34]). closest string can be solved in time O(mn + mdd+1 ).
The algorithm applies the F P T technique of exploring a depth-bounded search tree [18]. The main
idea is to maintain a candidate string s0 for the center string and compare it to the strings {s1, ..., sk}.
If s0 differs from some si in more than d positions, then s0 needs to be modified in at least one of these
positions to match the character that si has there.
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Given a set of n sequences and a positive integer d, the required Hamming distance upper bound, the
algorithm first chooses the candidate and tries to “move” from s0 to s, the desired closest string, if it
exists. Set d0 = d. Then, if there is a string si such that dH (s0 , si ) > d0 the algorithm chooses (d0 + 1)
different positions and tries to use the symbol of si to replace the symbol of s0 in the corresponding
position. It can be proved that at least one of the replacements is correct, and d0 is reduced by 1. The
process is repeated until d0 ≤ 0. The preprocessing time is mn, the search tree branches into at most
d + 1 cases and has height at most d, each search tree leaf can be handled in kd time. This gives the
time bound O(mn + kd(d + 1)d ), but since (d + 1)d = O(dd ) it can be simplified to O(mn + kddd).
(Here k = m, the number of input strings). The cost in one search tree node is m. So the time bound
is O(mn + mddd ). An empirical analysis showed that when the algorithm is applied to real-world
and random instances, it often beats the proven upper bound by far, and is also faster than an ILP
formulation of Center String.
When p = 1, the p-Center Approximate Substring problem becomes Closest Substring. The
goal string now only needs to be a substring in each of the given strings, thus increasing the combinatorial
complexity of the problem. Formally, the problem is the following:
CLOSEST SUBSTRING
Input: k strings s1 , ..., sk over an alphabet Σ, and non-negative integers d and l.
Question: Is there a string s of length l such that for every 1 ≤ i ≤ k, the string si has
a length l substring si 0, with d(s, si 0) ≤ d? (Here d(s, si 0 ) denotes the Hamming distance
between s and si 0 .) The string s is called the center string.
The closest substring problem can be parameterized by various combinations of k, |Σ|, d, and l.
Closest Substring and a variant Consensus Patterns have important applications in genetic drug
target identification, and in signal or motif finding. Fellows et al. [27] showed that for an unbounded
alphabet, Closest Substring is W [1]-hard when it is parameterized by l, d, and k, by a reduction
from Clique. Further, they showed that closest substring is W [1]-hard when it is parameterized by
k, the number of input strings, even over a binary alphabet.
The techniques for showing hardness of Closest Substring over a binary alphabet, parameterized
by the number of input strings, also apply to Consensus Patterns, the problem of finding the local
consensus [27]. The key distinction between Closest Substring and Consensus Patterns lies in
the definition of the distance measure (or cost) between the target ‘solution’ string and the the input
strings. Consensus Patterns aims for minimizing the sum of errors, summed up over all strings, and
this sum will usually not be small.
The parameterized complexity of closest string and closest substring are summarized in Table
2. closest substring when parameterized by the size of the alphabet and the length of the target
sequence is F P T (enumerate and check all the |Σ|l possible center strings). However, strings are
generally long. Therefore, additional parameters try to restrict k or d or both.
Recently, Marx [58] has shown that closest substring is W [1]-hard when parameterized by the
number of strings k and the Hamming distance d, even when the alphabet is binary. His work answers an
open problem posed in [27, 33, 34, 23]. Marx also showed that distinguishing substring selection,
a generalization of closest substring, is W [1]-hard with parameters k and d, again with binary
alphabet.
Theorem 2.7 (Marx [58]). closest substring is W [1]-hard.
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Table 2: Fixed-Parameter Tractability of closest string and closest substring
Problem
closest string (p = 1, l = n)
closest substring (p = 1)

Parameter

Complexity

d

FPT

|Σ|, l

FPT

k

W[1]-hard, even when |Σ| = 2

(k, d)

W[1]-hard, even when |Σ| = 2

(k, d, l)

W[1]-hard

The proof is based on an intricate two-step reduction from the W[1]-hard problem maximum Clique.
Two exact algorithms were given by Marx [58] that may be efficient if d, or both d and k are small. The
first has running time f(d)nO(log d) , where only the log of the parameter d appears in the exponent of n (n
is the total input size). The second has running time g(d, k)nO(log log k) , where only the very slow growing
(log log k) appears in the exponent of n. These upper bound results are shown to be asymptotically tight
based on the assumption that problem 3-SAT cannot be solved in sub-exponential time [12, 52, 58]. Marx
suggests exploring the interplay between parameterized complexity and subexponential algorithms. A
weak parameterized reduction may signal that a subexponential algorithm is possible. Conversely, the
optimality of a subexponential algorithm may be shown by a parameterized reduction.
Marx shows that there is no PTAS for closest substring with running time f() · no(log1/) (unless
there are subexponential algorithms for 3-SAT). A standard consequence of W[1]hardness is that there is
no efficient PTAS (EPTAS) for the optimization version of the problem. An EPTAS is an approximation
scheme that produces a (1 + )approximation in f()nc time for some constant c. If f() is small, then
such an approximation scheme can be practical even for large n. Marx’s hardness result shows that the
4
nO(1/ ) time approximation scheme of [52] for CLOSEST SUBSTRING cannot be improved to an
EPTAS. However, he leaves as an open question the possiblility that the PTAS can be improved.

3

Structure Alignment

In structural bioinformatics, sequence alignment involves the structure of the sequences as well as the
sequence content [6, 44, 19]. The structure of a biopolymer sequence is formed by spatial interactions
between (possibly long-distance) residues. For example, the sequence and properties of side chains
determine what is unique about a particular protein, including its biological function and its threedimensional structure. The genetic information for the protein specifies only the linear sequence of amino
acids, yet to be biologically active, proteins adopt specific folded three-dimensional, tertiary structures.
The primary protein sequence can form different structures, differing in the angle of rotation about
the bonds of the backbone and amino acid side-chains. Various forces contribute to the stabilization
of molecules and to their ability to undergo changes in conformation and interact with each other.
Covalent forces (forces that tightly bind the atoms together within the molecule) and non-covalent
(weaker bonding) forces are related to the kinetic energy of molecules. The van der Waals force has
both attractive and repulsive terms dependent on the distance between two interacting atoms.
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These many entangled variables make tasks involving structure quite complicated. For example, even
a short list of structure analysis tasks includes:
• deriving principles that govern the sequence-structure-function relationships of proteins,
• developing algorithms to predict the three-dimensional structure of a protein,
• developing efficient protein docking algorithms,
• modeling protein homology using additional information obtained from protein structures,
• developing algorithms to model the structure of a protein complex from coordinates of its component molecules,
• modeling the integration of proteins into networks of interacting molecules.

Computational tasks of modeling, prediction, alignment, etc., relating to secondary and tertiary structures of biopolymers are sophisticated and difficult. This section reviews parameterized algorithms
for biopolymer structure comparison based on the theoretical model of arc-annotated sequences. The
following section will discuss efficient parameterized algorithms for structure-sequence alignment.

3.1

Arc-Annotated Sequence Alignment

The purpose of an annotation scheme is to express additional information about a sequence in a way that
will allow the additional information to be analyzed and manipulated along with the sequence. Various
annotations (colors, arcs) have been used. Evans [21] examined how arcs can be used to represent
binary relations between sequence symbols or sequence substrings. An arc may join two symbols if they
are chemically bonded in the represented biological sequence, for example. For a higher level sequence
of substrings, arcs can join related features, such as gene anchors with promoters.
Definition 3.1 Arc-annotated sequence An arc-annotated sequence (S, P ) is a sequence S together
with a set P of ordered pairs of positions in the sequence. In such an annotation, two arcs (i1 , j1) and
(i2 , j2), where i1 < j1, i2 < j2 , and i1 < i2 , are (1) parallel if j1 < i2 ; (2) crossing if i2 < j1 < j2; and
(3) nested if i2 < j2 < j1 .
These three types of arcs (parallel, crossing, nested) are used to model interactions between residues,
giving insights into secondary and tertiary structure for RNA and proteins. The arc structure can be
restricted in the following ways:
• Arcs may not share endpoints.
• Arcs may not cross.
• Arcs may not nest.
• Arcs may not be present. (There may be no arcs in the sequence.)
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ugacuagcggcggcuugcugaagcgcgcacggcaagaggcg
Figure 5: An RNA sequence where base pairings of nucleotides form nested arcs, figure taken from [21].
Both unrestricted and restricted cases of arc-annotated sequences have been investigated. The unrestricted case has no limitation on the arc structure. In the restricted situation, each residue position
(also called “base”) in the sequence can be an endpoint for at most one arc, and it is linked to at most
one other sequence position. The restrictions produce four progressively inclusive levels of arc structure:
(1)
(2)
(3)
(4)

crossing: Restriction 1 (crossing arcs are allowed);
nested: Restrictions 1 and 2 (no crossing arcs are allowed);
chain: Restrictions 1, 2, and 3 (no crossing or nested arcs are allowed); and
plain: Restriction 4 (no arcs are allowed) [21].

Figure 5 shows an RNA structure where base pairings of nucleotides form nested (i.e., non-crossing)
arcs. The two sequences in Figure 7 are of the crossing type. Natural parameters for these different
types of restrictions include cutwidth (the maximum number of arcs crossing any part of the sequence),
nesting depth, and subsequence length.
Evans introduced the Arc-Preserving Edit Distance based on two representations of RNA secondary
structure, on arc-annotation, and on hierarchical string annotation.
Definition 3.2 (Arc-Preserving Edit Distance). The arc-preserving edit distance between two
arc-annotated sequences (S1 , P1) and (S2 , P2) over an alphabet Σ, where |S1 | = |S2 | = n, is the cost to
align the two sequences according to a symbol edit weight matrix ω(x, y) for every pair of x, y ∈ Σ, a
symbol indel penalty matrix ωs , and an arc mismatch penalty matrix ωa .
An arc mismatch penalty is incurred when positions i1 and j1 of S1 are aligned with i2 and j2 of S2 ,
respectively, and either (i1 , j1) ∈ P1 or (i2 , j2) ∈ P2 but not both, i.e., the arc is not preserved [22].
Evans and Wareham [22] considered the Arc-Annotated Sequence Alignment problem which
seeks a pairwise alignment between two arc-annotated sequences parameterized by the upper bound k
of the cutwidth, the maximum number of arcs between any two positions in the sequence (See Figure
5).
ARC-ANNOTATED SEQUENCE ALIGNMENT
Input: Two arc-annotated sequences, an integer k.
Parameter: k, the cutwidth.
Output: An alignment with a minimum arc-preserving edit distance.
17

Through a non-trivial searching the network of paths, they were able to show an F P T algorithm of
time O(9k n2) for the pairwise alignment on two arc-annotated sequences of the crossing type.
Theorem 3.1 (Evans et al. [22]). Arc-Annotated Sequence Alignment An optimal alignment
of two arc-annotated sequences can be computed can be solved in time O(9k n2).
The algorithm is based on an algorithm of the same time complexity by Evans [21] to compute the
minimum arc-preserving edit distance between two arc-annotated sequences of lengths n and m, for
which 4k dynamic programming tables are built, each having nm entries. The algorithm was also
slightly revised to achieve a O(18kn3 )-time algorithm for computing the minimum arc-preserving 3median distance of a triple of arc-annotated sequences [22]. The 3-median distance problem is important
in inferring internal-vertex information relative to a given phylogeny (the tree alignment problems).
In the rest of this section, we review special cases of arc-annotated sequence alignment, which have
been extensively studied within the parameterized complexity framework.

3.2

Arc-Preserving Longest Common Subsequence

Given two sequences (not necessarily of equal lengths), the parameterized Arc-Preserving Longest
Common Subsequence (APLCS) problem asks if there is an arc-preserving subsequence of length at
least l that is common to both input sequences. A sequence is considered arc-preserving if whenever
both endpoints of an arc from either of the two sequences are found in the subsequence, then the
corresponding symbols are joined by an arc in the other sequence. There may be several longest arcpreserving subsequences for two given sequences. However, the length, l of the subsequence is uniquely
defined. The general APLCS is NP-complete even for two sequences. Evans [20] showed that the W[1]hardness holds even for a size-2 alphabet. Moreover, W[1]-hardness can even be shown when only one
letter is used (a size-1 alphabet).
Figure 7 shows an example of an arc-preserving common subsequence between two arc-annotated sequences.
The computational complexity of the APLCS problem also depends on the structures induced by the
arcs annotating the two sequences. Even if one of the sequences is known not to be annotated with
any arcs, the problem is NP-complete. Evans [21] showed that the problem is NP-hard when either
of the sequences is unrestricted, and it remains NP-hard if either is of the crossing type, and it is
W[1]-complete by a reduction from clique, even when arcs do not share endpoints.
However, when parameterized by the cutwidth k, Evans was able to show that APLCS(Crossing,
Crossing) (that is, both sequences are of the crossing type) can be solved in time O(9k nm), where
m, n are the lengths of the two sequences (resulting in an O(nm)-time algorithm when cutwidth k = 1).
The proof uses a non-trivial search of the network of paths. APLCS(Chain, Chain) can be solved in
time O(nm). (The unannotated APLCS problem is denoted as APLCS(Plain, Plain).)
Theorem 3.2 (Evans [21]). Arc-Preserving Longest Common Subsequence(Crossing, Crossing) or Arc-Preserving Longest Common Subsequence(Chain, Chain) is F P T , when parameterized by cutwidth or by bandwidth.
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Cutwidth = 3

Sequence

1

2

3

4

5

6

7

8

9

Bandwidth = 7

Figure 6: The arc-annotated sequence has nine bases. There are three arcs passing by or ending at the
fifth base. Thus, the sequence has cutwidth of 3. The arc between the second and ninth bases is the
longest arc. The bandwith of the sequence is 7.

Figure 7: An example of an arc-preserving subsequence, taken from the dissertation of Evans [21].
The same algorithm can be run using the bandwidth d as the parameter. (The bandwidth d of an arc
structure is such that for any arc (i, j), j − i ≤ d. See Figure 6.)
Natural parameters for the Arc-Preserving Longest Common Subsequence include:
• l, the length of the desired subsequence
• s, the number of levels of nested arcs (for non-crossing arcs)
• k, the cutwidth of the arc structure
• d, the bandwidth of the arc structure.
When the parameter is the length l of the desired subsequence, Evans [21] showed by a uniform reduction
from the clique problem that if the arcs are allowed to cross, then finding the LCS of two arc-annotated
sequences that preserves arcs is W[1]-complete and NP-complete. These results still hold for APLCS
variants. With fewer restrictions on the arc structure; for example, when either one of the sequences is
unrestricted, then APLCS parameterized by the target subsequence of length l, is W [1]-complete.
It has been argued that the most biologically important version of APLCS is APLCS(Nested,
Nested), where no two arcs share an endpoint and no two arcs cross each other. For APLCS(Nested,
Nested) over a size-4 alphabet, Gramm et al. [32] used a dynamic programming algorithm to find a
length l arc-annotated common subsequence in time O(12l ln) .
Theorem 3.3 (Gramm et al. [32]). Arc-Preserving Longest Common Subsequence(Nested,
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Nested) is F P T , for an alphabet of size 4, when parameterized by the length l of the desired common
arc-preserving subsequence.
The problem is fixed-parameter tractable when parameterized by the number of deletions as well as
when parameterized by the subsequence length. With the number of deletions as a parameter, the
APLCS problem has as input two arc-annotated sequences S1 and S2 , and positive integers k1 and k2.
The output is the longest common arc-annotated subsequence which can be obtained by deleting at
most k1 bases from S1 and at most k2 bases from S2 (together with the associated arcs).
Alber et al. [1] used a depth-bounded search tree approach to find an F P T algorithm for APLCS(Nested,
Nested) when parameterized by the combined parameter, the sum of the number of deletions, k1 + k2,
allowed in sequences S1 and S2 . The resulting subsequence has length l = |S1 | − k1 = |S2| − k2.
Theorem 3.4 (Alber et al. [1]). APLCS(Nested, Nested) is decidable in time O(3.31k1+k2 n),
where n is the maximum input sequence length and k1 and k2 are the number of deletions allowed for
S1 and S2 , respectively.

3.3

c-Fragment and c-Diagonal Arc-Preserving Longest Common Subsequence

Parameterized algorithms for APLCS also exist for some special cases, for example, the c-Fragment
APLCS and the c-Diagonal APLCS.
In the setting of c-Fragment APLCS, each of the two sequences is divided into fragments of length
exactly c (except that the last one may have length less than c). Alignment is only allowed between
corresponding fragments between the two sequences. In the setting of c-Diagonal APLCS, the residue
in position i of sequence S1 is only allowed to align within a c-width band (that is, positions i − c, i −
c + 1, . . ., i + c) in sequence S2 . Lin et al. [53] considered these two problems on sequences of the nested
type and developed PTASs for them.
Alber et al. [1] showed an algorithm of time O((B +1)l B +c3 n), where B = c2 +2c−1 for two sequences
both of the crossing type. Their algorithm extends an idea used for the 1-Fragment case by Lin et al.
[53] that reduces the problem to Independent Set on graphs of bounded degree. Independent Set
is F P T on graphs of bounded degree. The graph G which is obtained when translating an instance of
the c-Fragment APLCS(Crossing, Crossing) problem has degree bounded by B = c2 + 2c − 1. A
similar technique can be used to solve the c-Diagonal APLCS(Crossing, Crossing) problem on
two sequences of the crossing type in time O((B + 1)l B + c3n), where B = 2c2 + 7c + 2.
Theorem 3.5 (Alber et al. [1]). Both c-Fragment APLCS(Crossing, Crossing) and c-Diagonal
APLCS(Crossing, Crossing) are F P T when parameterized by the length of the desired subsequence.
The technique relies on each residue position belonging to at most one arc, and therefore does not seem
to work on unrestricted (sometimes called “unlimited”) sequences. (Recall that “unrestricted” means
there are no restrictions (or limitations) on the arcs: they may cross, be nested, or a base may be the
endpoint of more than one arc.) It may be that c-Fragment APLCS and c-Diagonal APLCS on
unrestricted sequences are not fixed-parameter tractable unless additional constraints are applied.
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Alber et al. considered both problems when the “degree of the arc-annotated sequence” was bounded.
The maximum number of arcs incident on the same position is the degree of an arc-annotated sequence. They found that c-Fragment APLCS(Unrestricted, Unrestricted) and c-Diagonal
APLCS(Unrestricted, Unrestricted) with both sequences having bounded degree b, are fixedparameter tractable when the parameter is the length l of the desired subsequence. The c-Fragment
APLCS(Unrestricted, Unrestricted) problem can be solved in time O((B + 1)l B + c3 n) with
B = c2 + 2bc − 1, and c-Diagonal APLCS(Unrestricted, Unrestricted) can be solved in time
O((B 0 + 1)l B 0 + c3n) with B 0 = 2c2 + (4b + c)c + 2b. The degree is upper bounded by the cutwidth.
Theorem 3.6 (Alber et al. [1]). Both c−Fragment APLCS(Unrestricted, Unrestricted)
and c−Diagonal APLCS(Unrestricted, Unrestricted) are F P T when the degree of the sequences is bounded by a constant and the parameter is the length of the desired subsequence.
All of Alber’s et al. results complement the known ratio-2 approximation algorithms and PTAS results
achieved by Jiang et al. [43].

3.4

Arc-Preserving Subsequence

Motivated by pattern matching in RNA structure comparison and motif search, Gramm et al. [32]
studied Arc-Preserving Subsequence (APS), another special case of pairwise alignment between
two arc-annotated sequences S1 and S2 . The problem is to determine if S2 is an arc-preserving subsequence of S1 ; that is, can S2 be obtained from S1 by deleting some bases (and the arcs incident on
these bases) from S2 . APS is intractable in general. Gramm et al. proved that when either of the
sequences is unrestricted, the problem is NP-complete. They showed that APS remains NP-complete
even when one sequence is of the crossing type and the other is at least of the chain type (the types
of restrictions form a hierarchy). However, when both of them are only allowed to be of the nested
type, that is, APS(Nested, Nested), the problem is solvable in time O(nm), complementing the
O(nm)-time algorithms [22, 21] for the pairwise alignment and APLCS problems on two arc-annotated
sequences of the chain type.
Theorem 3.7 (Guo et al. [1]). The problem APS(Nested, Nested) can be solved in time O(n4m)
where n is the length of the shorter of the two sequences and m is the length of the longer sequence.
Most of the NP-complete results follow from results of Evans et al. [20] for the corresponding APLCS
problems or at least, can be proven in the same spirit. The complexity of APS on two sequences, one
of the crossing type and another of the plain type, remains open. APS on two sequences, one of the
chain type and another of the plain types, can be solved in time O(n + m).

4

Structure Alignment via Operational Parameterization

The work cited in the previous section shows that alignment involving sophisticated structures, such
as those modeled with unrestricted or crossing arcs, can be very difficult (that is, W[1]-hard) when
parameterized on the length of the common subsequence. While parameterized tractability may be
21

achieved via alternative parameterizations, such as the cutwidth or the number of deletions, real biological data may not entirely satisfy the assumption of small values for such parameters. To achieve
efficient algorithms for difficult problems like structure alignment, one can consider parameterizations
on small operational parameters that are not explicitly included in the problem description.
Song et al. [68, 67] recently introduced a parameterized algorithm for structure-sequence alignment
which is completely different from previous structure-sequence alignment algorithms. Their algorithm
has three new technical ingredients that previous algorithms do not have.
(1) The structure-sequence alignment is at the structure unit level instead of the residue
level, allowing the consideration of more sophisticated yet practical structure models.
(2) Structure-sequence alignment is formulated into the subgraph isomorphism problem
where an operational parameter about mappings can be introduced to facilitate parameterized algorithm design.
(3) The consideration of structure units yields structure graphs that are almost always of
small treewidth for RNA and protein structures.
We briefly review these techniques in the following subsections. The notion of treewidth comes from the
observation that many hard graph problems become easy when restricted to trees. The N P -complete
problems vertex cover (which is F P T ) and dominating set (which is W [2]−hard) can be solved
in linear time when restricted to trees: start at the leaves and perform a straightforward bottom-up
approach. Treewidth is roughly a measure of how ‘tree-like’ a given graph is. Trees have treewidth 1.
A clique of n vertices has treewidth n − 1. Graphs of treewidth at most k are known as partial k-trees.
(For more about treewidth, see the survey by Bodlaender et al. in this journal.)

4.1

Structure-Unit Level Alignment

The complementary nucleotide residues in an RNA sequence are attracted to each other and form
stems and loops that together build up the tertiary (3-D) structure of the sequence. For example, a
long stretch of complementary matching pairs is called a stem, sometimes having a few unmatched bases
creating a bulge. One half of a stem is called a structural unit. A “non-structural” stretch of contiguous
unpaired residues in the sequence is called a loop. A pseudoknot is formed when one of the bases in a
loop interacts with a complementary base somewhere else in the sequence, possibly quite remote (See
Figure 9). The detection of pseudoknots is of keen interest. It is known that viruses use a pseudoknot
for ribosomal frameshift signals. Almost all RNA contain at least one pseudoknot (although there are
long stretches without any), but most dynamic programming methods for identifying probable RNA
secondary structure have the disadvantage of not being able to detect pseudoknots or other cases in
which base pairs are not fully nested.
The size of the loops, the stacking of the base pairs in the stems, the number of pairwise interactions,
and tertiary interactions such as the number of pseudoknots and the interactions between the RNA
molecule and surrounding molecules and chemical elements all contribute to the stability of an RNA
molecule. A molecule folds into a 3-dimensional structure in order to minimize its free potential energy.
The more stable molecules have a negative energy value, measured in Kcal/mol. An alignment between
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Figure 8: A pseudoknot is formed when one of the bases in a loop interacts with a complementary base
somewhere else in the sequence, possibly quite remote.
a target sequence and a structure seeks structures with the lowest free energy (according to a particular
energy model). However, the problem is computationally very difficult.
In protein structure, loops, α-helices and β-strands are local folding patterns. The α-helices and βstrands, also called structure units, are the conserved segments in a protein. The most conserved
segments are known as cores. The chemical structure of a protein is well understood. The backbone
structure consists of a repeating pattern of N, H, C, H, and C, O atoms. Except for its length, the
backbone is the same for all proteins. The differences between proteins are in their side chains.
The three-dimensional structure of a new protein is generally predicted by, first, predicting the backbone
skeleton by using a technique such as protein threading and homology modeling. Second, loops are added
in order to connect the backbone segments together to form a complete backbone configuration. Third,
a side-chain orientation is assigned to build a full molecule. Finally, molecular dynamic simulation
techniques further refine the predicted structure. Figures 9(a) and 9(b) show an RNA structure (i.e.,
stems and loops) and the corresponding structure graph. Figures 10(a) and 10(b) show a protein
structure (i.e., interactions of cores) and the corresponding structure graph. A more sophisticated
structure graph (for bacterial tmRNA) is shown in Figure 11.
Song et al. [68, 67, 66] recently introduced a method for efficient structure-sequence alignment (and thus,
fast search programs) for RNA structure that includes pseudoknots. The basic structural units of an
RNA (the loops and stems) are profiled separately, and the relations among them, in a structure graph.
With their method, the optimal structure-sequence alignment corresponds to a generalized subgraph
isomorphism problem in which the guest graph is the structure graph. A tree decomposition of the
graph can be found for structures that include pseudoknots by considering them as the combination of
a maximal pseudoknot-free structure with some additional crossing stems. A dynamic programming
algorithm over the tree decomposition of the structure graph allows an optimal alignment to be found.
Definition 4.1 (Structure Graph). Given a biopolymer sequence, a structure graph is a mixed graph
H = (V, E, A), in which each vertex represents a structural unit, each edge (non-directed) represents a
stem that is profiled with a simplified covariance model, and each arc represents a loop (5’ to 3’) that
is profiled with a hidden markov model.)
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Figure 9: (a) An RNA structure that contains both nested and parallel stems. (b) The corresponding
structure graph. (c) A secondary structure (top), and a few (two) candidates for its stems on a target
sequence (bottom), with dashed lines specify the possible mappings between stems and their candidates.
(d) The sequence graph formed by the candidates of its stems on a target sequence.

The structure graphs for biopolymer structures are usually of small treewidth. For example, the
treewidth is 2 for the structure graph of any pseudoknot-free RNA and the treewidth can only increase slightly for all known pseudoknot structures [68] (also see Figure 11). An experiment conducted
by Song et al. [67, 66] shows that among 3890 protein tertiary structure templates compiled using
PISCES [70], only 0.8% of them have tree width t > 10 and 92% have t < 6, when using a 7.5 Å Cβ -Cβ
distance cutoff for defining pair-wise interactions among amino acids.
The alignment is between a target sequence (a segment in a possibly long genome sequence) and a
structure template, a “consensus” structure that is obtained from a multiple structural alignment of a
family of RNAs whose structural information is known. In Song et al.’s method, the structure-sequence
alignment allows a “stretch of residues as a whole” (instead of individual residues) to be placed in
the position of some structural unit of the template. Homologous RNA families are modelled with a
structure graph representing the consensus structure, and a set of covariance models and profile hidden
markov models are constructed for all stems and loops in the structure. The profile of each stem
is used to preprocess the target sequence to identify all candidate pairs in the target sequence that
have statistically significant scores of structural alignment with the stem profile. The target sequence is
represented as a sequence graph with each candidate represented as a vertex. Similar to the construction
of the structure graph, the sequence graph is a mixed graph with non-directed edges and directed arcs.
Two candidates are connected with an edge if the two models they match well are connected with
an edge in the structure graph. Two candidates are connected with an arc if they do not overlap in
sequence positions in the target sequence.
Song et al. [68] formulated the structure-sequence alignment problem into a Generalized Subgraph
Isomorphism problem that finds in the sequence graph G a subgraph isomorphic to the structure graph
H, such that the total score computed from the alignments between every model in P and its candidate
selected by the mapping achieves the optimum. Based on the construction, each vertex in the structure
graph H can only be mapped to a specific set of vertices (those representing acceptable candidates) in
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Figure 10: (a) A protein structure template that contains both cores (i.e., alpha helices and beta
strands) and loops. (b) The corresponding structure graph. (c) The candidates in a target sequence
(bottom) for each core in the structure (top), with dashed lines specify the possible mappings between
cores and their candidates. (d) The sequence graph formed by the candidates of the cores in the target.

Figure 11: The structure graph of bacterial tmRNA molecules consisting of four pseudoknots (caused
by the crossing pattern of base pairings). The structure graph has a small tree width.
the sequence graph G (see, for example, Figures 9(c) and 9(d) and 10(c) and 10(d)). They introduced
the notions of map scheme and map width to formalize the mapping between H and G.

4.2

Map Width as a Parameter

Song et al. [68] introduced the notion of a map scheme M that maps every vertex v in the structure
graph H to a subset of vertices M(v) ⊆ V (G) in the sequence graph G. The maximum size of the
subset, k, is called the mapwidth of the map scheme. They defined the parameterized generalized
subgraph isomorphism problem with input a structure graph, the sequence graph and a map scheme
of mapwidth k. The parameter is k. The output is a subgraph G0 of G and the optimal isomorphic
mapping.
The small treewidth of the structure graph does not make Generalized Subgraph Isomorphism
easy. Usually the size of the structure graph is not small, so Courcelle’s theorem [14, 17] does not
immediately apply. The sequence graph is not planar. Also, graph mapping cannot be expressed with
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monadic second order logic. Moreover, since the sequence graph can be arbitrary, other subgraph
isomorphism algorithms, such as those developed by Matousek and Thomas [57], and by Hajiaghayi
and Nishimura [37] may not be applicable here either. Cai et al. [67] proved that the Generalized
Subgraph Isomorphism problem is W [1]-hard when the treewidth of the source graph (i.e., the
structure graph) is defined as the parameter.
Theorem 4.1 (Cai et al. [67]). Generalized Subgraph Isomorphism is W [1]-hard when parameterized by the treewidth of the structure graph.
The mapwidth parameter k has two interesting properties. First, the value of k is generally small in
nature. Second, k is actually an operational parameter. It is a function of a statistical cut-off value that
can be used to constrain the number of possible candidates that each structure unit can have. Song
et al.[68, 67] proved that when constrained with a map scheme of mapwidth k = 3, the Generalized
Subgraph Isomorphism problem remains NP-hard. However, taking advantage of the fact that the
structure graph has an ordered chain of all its vertices, Song et al. [68, 67] devised an FPT algorithm
based on the tree decomposition of the structure graph. When parameterized by both the treewidth t
and the mapwidth k of the structure graph, the Generalized Subgraph Isomorphism problem has
an F P T algorithm of time O(kt n) on structure graphs of size n.
Theorem 4.2 (Song et al.[68]). Generalized Subgraph Isomorphism is F P T with running time
O(ktn) when parameterized by both the treewidth and the mapwidth of the structure graph.
Therefore, the structure-sequence alignment with parameters t and k is solvable in time O(ktn2 ). The
quadratic time comes from the alignment between and arc model and its candidate.

4.3

Biological Applications

The structure unit level structure-sequence alignment algorithm has a number of important applications in bioinformatics where structure plays an instrumental role. In [68], Song et al. successfully
applied their tree decomposition-based algorithm to non-coding RNA gene annotations in genomes.
Their method included filtering techniques based on subtrees which allowed more effective choosing
of candidates, and the ability to search for more distant structural homologs. The idea is to search
for non-coding RNA genes by their structures. Each target genome is scanned with a window of an
appropriate size. For every window position, the structure-sequence algorithm performs an alignment
between the given structure profile of a desired RNA gene and the target genome segment covered by
the window. Window positions having high alignment scores are reported as potentially containing
the desired RNA genes [48, 64]. Conventional algorithms for this task are usually very slow because
structure-sequence alignment for RNAs involving pseudoknots is NP-hard [54]. But with the parameterized structure-sequence alignment algorithm using mapwidth k = 7, the search results on RNA
genes with and without pseudoknots can be as good as the other best known approaches but requiring
significantly less time (e.g., with speed-up of 1 to 2 magnitudes–days instead of months).
Song et al. [66] have also applied their algorithm to protein tertiary structure prediction via protein
threading, a technique which is discussed next.
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4.4

Tree-decomposition based algorithms and protein threading

Tree decomposition based methods have been successful in threading. Threading is a technique that
finds an optimal alignment (placement) of a new protein sequence onto each known 3-dimensional
structural template in a protein fold database in order to find the best fold for the sequence [45]. Much
of our knowledge of the structure of proteins and nucleic acids comes from experimental techniques
such as X-ray crystallography, nuclear magnetic resonance (NMR), and electron-microscropy. About
30,000 protein structures have been archived in the Protein Data Base (PDB). Relatively few of these
structures, only a few thousand, are unique, and only about 10% of new structures annually deposited
to PDB show new folds. This has led to the increased popularity of computational, template-based
methods for matching known structures from the PDB, structural templates, to a given new protein
sequence, the target. One such method for structure prediction is known as threading. The pairs
of amino acid residues that would be close together in the known structure are examined, and the
alignment quality is measured by some statistics-based scoring function. (For example, one might take
each amino acid in the structure and simply label it according to whether it is buried inside the protein
or exposed on the surface. More elaborate models take into account the local secondary structure (e.g.
whether the amino acid is part of an alpha helix), evolutionary information (how conserved the amino
acid is), or in the 3-D representation, the inter-atomic distances between some or all of the atom pairs
in the structure.) The comparison is between a sequence of amino acids in the new protein and a
3-dimensional structure of a known protein. (The sequence that corresponds to the known structure is
not looked at.)
In general, threading with pairwise interactions between amino acids is NP-hard [49]. However, efficient
parameterized algorithms using tree-decomposition for the critical portion of the alignment have recently
been developed. Protein structure prediction can be decomposed into two major subproblems: 1) the
prediction of the backbone atom coordinates, and 2) the prediction of side-chain atom coordinates.
In their 2005 RECOMB paper [72] (see also the JACM extended version [74]), Xu et al. introduced
tree decomposition techniques to structural bioinformatics in their approach to find fixed-parameter
tractable algorithms for both of these subproblems. They noted in [73] that the tree decomposition
technique could be applied to protein threading. (From a tree-decomposition algorithm point of view,
there is no difference between protein threading and RNA structure-sequence alignment, although they
have very different biological backgrounds.)
Xu et al. [75] formulated both the backbone and the side-chain problems as geometric neighborhood
graph labeling problems. The geometric neighborhood graph can be easily decomposed into smaller
blocks, and the side-chain assignment of the whole protein can be assembled from the assignment of
the small blocks. A contact in a protein is a pair of residues that are spatially “close” to each other.
A contact map is a graph that measures the 3-dimensional similarity between two proteins. Each
residue “center” (the 3-dimensional coordinates of a residue’s Cα-atom was used as its residue center)
is represented by a vertex, and there is an edge between two vertices if and only if the spatial distance
between the residues is within a specified cutoff, as inferred from crystal structures.
Xu et al. [75] formulated the protein structure alignment problem in the following manner. Given
a protein chain A, let G[A] denote its contact map graph. For a substructure P of A, let G[P ] denote
the contact map subgraph induced by substructure P . Given two protein chains A and B, an alignment
between A and B is a pair of substructures P and Q satisfying the following conditions:
• P is a substructure of A, and Q is a substructure of B;
• There is a one-to-one mapping between the residues in P and Q.
A residue p in A is “equivalent” to residue q in B if and only if p is mapped to q. A contact edge in G[P ]
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Figure 12: The technique of threading includes an alignment between a known structural template and
a sequence, via various graph models.
is equivalent to one in G[Q] if and only if their two end points are equivalent. The optimal alignment
between A and B is the alignment such that the number of equivalent contact edges is maximized. This
alignment problem is usually formulated as a maximum common subgraph problem. It is N P -hard
and is also hard to approximate [29].
Several distance constraints between residues were considered by Xu et al. [75]. There is contact between
two residues if their distance is no more than Du ; Dc is a maximally allowed Euclidean distance between
two matched residues after two proteins are superimposed; and Dl is a minimum inter-residue distance.
Empirically, the ratios Du /Dl and Dc /Dl are very small and can be treated as constants. Taking
advantage of these geometric characteristics of a protein structure, a tree decomposition-based algorithm
was used to cut the protein structure into some very small components and then each component
optimized separately. The computational complexity of the algorithm is linear with respect to the
protein size but exponential in the treewidth of the graph, so it is critical that the graph be decomposed
into very small components.
Theorem 4.3 (Xu et al.[75]). Protein Structure Alignment, in the case where one protein
structure is represented by a contact map graph and the other by a contact map graph or a distance
matrix, runs in time O(∆tw p(n)), where tw is the tree width of the protein contact map graph, and ∆
is an operational parameter depending on the distance constraints on the amino acids.
The result demonstrates that the hardness of the protein structure alignment problem is related not
only to the size of the protein, but also to several distance parameters depending on how the protein
structure alignment problem is modeled. The result is achieved using a combination of three techniques:
1) tree decomposition,
2) transformation space discretization, and
3) cycle-shift partition of protein structures.
Preliminary experimental results indicate that on a Linux PC, it takes from ten minutes to one hour to
align two proteins with approximately 100 residues.
Xu et al.[72, 74] used tree decomposition methods to describe an algorithm for protein side-chain
prediction. The task of side-chain prediction is to determine the coordinates of all the sidechain atoms
given that the backbone coordinates of a protein are already known [50]. Each residue has many possible
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Figure 13: Some graphs have a tree-like property. The treewidth corresponds to the maximum size of
the separated components.
side-chain positions, called rotamers. A residue interaction graph was designed where each residue is
represented as a vertex, and there is an edge between two vertices if there is a potential clash between
the rotamer atoms of the residues. For example, there is no interaction edge between two residues if
their distance is beyond a constant depending on rotamer diameter. Further, any two residue centers
cannot be too close. The residue interaction graph has small tree width. Using a low-degree polynomialtime algorithm, based on the Sphere Separator Theorem, and exploiting geometric features of a protein
structure, Xu et al. found a tree decomposition of the residue interaction graph such that the resultant
components are as small as possible (typically of size four or five residues). Their algorithm runs in
sub-exponential time in the worst case, but is fast in practice on real proteins.
Threading algorithms based on optimal sequence-structure alignment include the program RAPTOR
[76] (the linear programming approach), Ying Xu’s program PROSPECT [78] (the divide-and-conquer
approach), and tree-decomposition based methods using programs such as TreePack [74] or PROTTD
(Protein Threading via Tree Decomposition)[66]. Protein structure prediction is an important and
energetic area. Almost every new paper claims an improvement in prediction accuracy. There are two
major reasons for the improvement of the prediction accuracy. One reason is that the new algorithm
is indeed better than previous ones, and the other reason is that the authors didn’t run two different
algorithms at the same time. Protein threading is a knowledge-based method for protein structure
prediction. A new, more recent threading algorithm always tends to have a better prediction accuracy
than older, previous ones due to:
1) the enlargement of both protein sequence databases and the Protein Data Bank, and
2) the proteins used in the experiments already have experimental structures in the Protein Data Bank.
Even the same algorithm will have different prediction accuracy if it is tested at two different times.
This situation has led to the community of protein structure prediction to organize a communitywide Critical Assessment of Structure Prediction (CASP) event every other year to benchmark all the
structure predictors. The CASP events gives a relatively fair comparison of different structure prediction
methods.
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5

Conclusions

Parameterized computation has become increasingly recognized as a sensible and practical paradigm
that offers exact solutions for coping with computational intractability. There have been a steadily
increasing number of useful techniques and new parameters resulting in efficient algorithms for new
problems, and algorithms of improved efficiency for problems previously considered.
The size of the dynamic programming matrix for local and global alignment often contributes prohibitively to the running time of algorithms. The “alignment within a diagonal band” or within a
“region” method for reducing the time complexity cuts off part of the matrix and conducts the search
for an optimal sequence alignment in the resulting sub-matrix. The area (or volume for the threedimensional case) of the band has been used as a parameter. One could look for other parameters that
can be used to limit the size of the matrix, or to to vary the size or overlap of the subproblems, that is,
the area of the region of the dynamic programming matrix to be evaluated. Other parameterizations for
the pairwise alignment problem may be considered. Since local alignment algorithms try to minimize
the distance between similar sections of the sequences and maximize the length of the sections, both
the maximum length of a gap, or the maximum length of a conserved region in the local alignment are
possible parameters.
Arc annotation schemes can be applied to many applications of sequence comparison, and several
results on arc-preserving parameterized algorithms have been discussed. Evans [21] also investigated
annotations using color. Annotations can be extended to use a variety of weights for character (or arc
or color) matches or mismatches. Various combinations of these annotation schemes may be useful
in highlighting key features in databases or in distinguishing important characteristics of problems.
Algorithms verifying that an arc-annotated sequence is an arc-preserving subsequence of another arcannotated sequence can be used for pattern searching in DNA/RNA databases. Several researchers
have studied the APLCS problem. Still unknown is the parameterized complexity of APLCS(Nested,
Nested) when parameterized by the length of the desired subsequence. Other restrictions of APLCS
may be useful, for example allowing the resulting longest common subsequence to have a constant
number of gaps or arc mismatches. In biological applications, the p-sequences and p-trees are often
complete. The complexity of the four basic problems LCS, SCS, LCT, and SCT for complete p-objects
is an interesting issue that has not been fully explored.
Section 4 included a discussion of operational parameters, a new sort of parameter that is not explicitly
included in the problem data description. The larger the operational parameter is, the more accurate
is the solution. In particular, the solution is optimal when the parameter value reaches its upper
bound. Such a parameter can be regarded as the quantification for certain domain heuristics. We have
discussed “natural” parameters, such as the number of sequences, and “descriptive” parameters, such
as the rotomer angle. Parameterized computation with operational parameters may be a new way to
approximate intractable problems.
The contact map-based protein structure-structure problem is N P -hard and also hard to approximate,
even when the problem is reformulated (and simplified) as the maximum common subgraph problem
[31]. The hardness partially results from the fact that when two contact maps are aligned, the geometric
information of the protein structure is not taken into consideration. However, Xu et al. [75] showed a
P T AS in the case where the parameters the algorithm depends on are constant, which is usually the case.
The parameters include various distance measures, for example, the distance between matched residues,
or the dimensions of the minimal 3D rectangle inscribing a protein. PTASs have been developed for
other problems in biopolymer sequence comparison, however many PTASs are unlikely to be useful in
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practice because of the heavy dependence of the exponents of the polynomials bounding the running
times of the PTASs on the parameter k = 1/. A largely unexplored question is which optimization
problems admitting PTASs also admit EPTASs.
The three parameters: cutwidth, bandwidth, and treewidth have proven important in describing the
structure of sequences and graphs. It may be fruitful to examine other biologically motivated problems
with known high running time to see if these are relevant parameters. A tree decomposition of a graph
has the useful property that removing the intersection between two adjacent components results in the
graph becoming two disconnected subgraphs. Sometimes these subgraphs can be analyzed separately,
which may mean that tree decomposition based algorithms are suitable for parallel computing.
This survey has examined algorithms for predicting the three-dimensional structure of a protein. Useful
parameters have been found among the physical and chemical properties of the amino acids comprising
the protein. Protein structural conformations depend on covalent, ionic, electrostatic and other hydrogen bonding forces and bond angle constraints. For example, peptide bonds can have a certain range of
possible values (the degrees of freedom of a protein), and these control the protein’s three dimensional
structure and are useful parameters. The size of the side group may suggest another a possible parameter. For example, conformations with small side groups, such as Glycine (Gly) with only a hydrogen,
may be more flexible than others. When a protein folds, it samples a number of conformations. Does
the final structure depend on its internal stability, or on the energy barriers encountered dynamically
by the polypeptide? Further consideration of intra- and intermolecular constraints as parameters may
lead to more efficient parameterized results not only for structure prediction, but also for modeling the
structure of a protein complex, or for the modeling of proteins into networks of interacting molecules.
Parameterized complexity is almost always used for N P -hard problems, but it can also be applied
to problems known to be polynomial. A parameterized algorithm can indicate how the range of a
parameter may be limited in order to reduce the degree of the polynomial time complexity. While
it may be theoretically significant for a problem to have an FPT algorithm, the computational time
complexity may still be expensive. Certainly, our goal is to further improve the exponential terms of
the running times of the exact algorithms. Both improved F P T algorithms and implementations to
evaluate practical parameter ranges experimentally are appealing topics for further research. Further,
tools based on these algorithms may still be used as benchmarks to evaluate the performance of other
heuristic-based algorithms. This survey has not discussed parameterized preprocessing kernelization.
However, data-reduction algorithms that reduce the problem imput to small kernels can be used as
subroutines for efficient algorithms.
No matter how mathematically rigorous our alignment algorithms are, they are only capable of suggesting biological relationships and are not absolute proof of biological similarity. However, examining
problems from a parameterized complexity point of view opens the discussion to include structural features important to biologists and other scientists, and increases the likelihood that our models reflect
meaningful situations.
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