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Solutions

1. Show T = {<M> | M is a TM with L(M)R = L(M)} is an undecidable language.

Proof:  Assume T is decidable and let D be a decider for T.  Consider the following Turing machine S:

S = “On input <M,w>, where M is a Turing machine


1. Create the following Turing machine M​1


M1 = “On input x

1. If x = 0n1n for some n, accept
2. If M accepts w, accept.”

2. Run D on input <M1>

3. If D accepts, accept
4. If D rejects, reject”

S is a decider since step 1 creates a Turing machine and moves on, step 2 calls a decider, and steps 3 and 4 halt.  Note that if M accepts w, then L(M1) = Σ*, which is in T.  If M does not accept w, then L(M1) = 0n1n, which is not in T.  Therefore, D accepts <M1> iff M accepts w, and reject otherwise.  By construction, S accepts if D accepts (i.e., if M accepts w) and rejects if D rejects (i.e., if M does not accept w).  Therefore, S decides A​TM.  This contradicts our knowledge that ATM is undecidable.  Therefore, T must not be decidable.
2.  Show G = {<M> | M is a TM s.t L(M) is context free} is an undecidable language.

Proof:  Assume G is decidable and let C be a decider for G.  Consider the following Turing machine V:

V = “On input <M,w>, where M is a Turing machine


1. Create the following Turing machine M​2


M2 = “On input x

1. If x = 0n1n0n for some n, accept
2. If M accepts w, accept.”

2. Run C on input <M2>

3. If C accepts, accept
4. If C rejects, reject”

V is a decider since it creates a TM, runs a decider and halts.  Note that if M does not accept w, then L(M2) = 0n1n0n (which is not context free so C rejects <M2>) and if M accepts w, then L(M2) = Σ* (which is context free so C accepts <M2>).  Thus V accepts <M,w> if M accepts w and rejects otherwise – i.e., V decides ATM, which is impossible.  Thus, our assumption is false and G cannot be decidable.

3.  Show F = {<M> | M is a TM s.t |L(M)| = 5} is an undecidable language.

Proof:  Assume F is decidable and let B be a decider for F.  Consider the following Turing machine W:

W = “On input <M,w>, where M is a Turing machine


1. Create the following Turing machine M​3


M3 = “On input x

3. If x = 0n n<5, accept
4. If M accepts w, accept.”

2. Run B on input <M3>

3. If B rejects, accept
4. If B accepts, reject”

W is a decider since it creates a TM, runs a decider and halts.  Note that if M does not accept w, then L(M3) = {(,0,00,000,0000} (i.e., |L(M3)|=5 so B accepts <M3>) and if M accepts w, then L(M2) = Σ* (|L(M3)|>5 so B rejects <M3>).  Since W goes to the opposite halting state than B, W accepts <M,w> if M accepts w and rejects otherwise – i.e., W decides ATM, which is impossible.  Thus, our assumption is false and F cannot be decidable.
