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Abstract

This article presents a detailed discussion of LRE-TL (Local Remaining Execution
- TL-plane), an algorithm that schedules hard real-time periodic and sporadic task
sets with unconstrained deadlines on identical multiprocessors. The algorithm builds
upon important concepts such as the TL-plane construct used in the development of the
LLREF algorithm (Largest Local Remaining Execution First). This article identifies of
the fundamental TL-plane scheduling principles used in the construction of LLREF.
These simple principles are examined, identifying methods of simplifying the algorithm
and allowing it to handle a more general task model. For example, we identify the
principle that total local utilization can never increase within any TL-plane as long as
a minimal number of tasks are executing. This observation leads to a straightforward
approach for scheduling task arrivals within a TL-plane. In this manner LRE-TL
can schedule sporadic tasks and tasks with unconstrained deadlines. Like LLREF,
the LRE-TL scheduling algorithm is optimal for task sets with implicit deadlines. In
addition, LRE-TL can schedule task sets with unconstrained deadlines provided they
satisfy the density test for multiprocessor systems. While LLREF has a O(n2) runtime
per TL-plane, LRE-TL’s runtime is O(n log n) per TL-plane.

1. Introduction

In hard real-time systems, jobs have specific timing requirements, or deadlines, and inability
to meet a deadline is considered a system failure. Therefore, we must be able to determine that
no deadlines will be missed before running the system. One way to do this is to use an optimal
scheduling algorithm. We say a scheduling algorithm is optimal if it will schedule all jobs to
meet their deadlines whenever it is possible to do so. For example, the Earliest Deadline First
(EDF) scheduling algorithm [1], [2] is known to be optimal on uniprocessors when preemption
is allowed.

As multiprocessors become more popular, they are being used in a wider variety of ap-
plications, including real-time and embedded systems. This article examines the problem of
scheduling hard real-time on m identical multiprocessors. While there are many advantages to
using multiprocessor systems, scheduling with these systems can be complex. For example, even
though EDF is optimal on uniprocessors, it is not optimal on multiprocessors. In fact, EDF might
miss deadlines on multiprocessors even if processors are idle approximately half the time [3],
[4], [5].



To date, optimal multiprocessor scheduling algorithms tend to have restrictions that make them
less desirable than some non-optimal algorithms. Some common restrictions are
• They have high overhead.
• They apply only to a restrictive model for jobs or processors.
• The schedule must be quantum based (i.e., the scheduler is invoked every q time units for

some constant q).
Pfair [6] and LLREF [7] (Largest Local Remaining Execution First) are two well known

optimal multiprocessor scheduling algorithms. Each suffers from at least one of these shortcom-
ings. While Pfair can schedule both periodic [1] and sporadic [8], [9] tasks, it applies only to
quantum based systems on identical multiprocessors. On the other hand, LLREF is not required
to adhere to a quantum based schedule and there is a variation of LLREF called PCG that is
optimal on uniform multiprocessor systems [10]. However, LLREF has high scheduling overhead
and applies only to periodic task systems. This article introduces a new scheduling algorithm,
LRE-TL, which is based on the LLREF scheduling algorithm. We show LRE-TL is optimal for
periodic and sporadic task sets and has much lower scheduling overhead than LLREF.

The remainder of this article is organized as follows. Section 2 provides definitions of terms
that will be used throughout subsequent sections. Section 3 provides an overview of the LLREF
algorithm, which is used as a starting point for describing LRE-TL. Section 4 describes the
LRE-TL scheduling algorithm, proves it is optimal for both periodic and sporadic tasks, and
compares it to LLREF. Section 5 discusses how scheduling analysis might be improved for
LRE-TL. Finally, Section 6 provides some concluding remarks.

2. Model and Definitions

This article considers a global multiprocessor scheduling algorithm for periodic [1] and
sporadic [8], [9] task sets. We assume that tasks are independent and can be preempted at
any time. Furthermore, if a task is preempted, it may resume execution on another processor
(i.e., migration is also permitted). The overheads associated with these costs are presumed to be
built into the task execution times.

A periodic or sporadic task Ti generates a sequence of jobs Ti,1, Ti,2, . . .. Each task Ti is
described using the 3-tuple (pi, ei, Di), where pi is Ti’s period, ei is its worst case execution
time and Di is its relative deadline. When a job Ti,k is released at time ai,k it must be allowed
to execute for ei time units before its deadline di,k = ai,k +Di. We say Ti is active at time t if
there exists some k ≥ 0 such that t ∈ [ai,k, di,k).

If Ti is a periodic task, then it invokes its first job at time t = 0 and all the remaining jobs
are invoked exactly pi time units apart — i.e., ai,k = (k − 1) · pi for all k. If Ti is a sporadic
task, then it invokes its first job at any time t ≥ 0 and the remaining jobs are invoked no
less than pi time units apart — i.e., ai,1 ≥ 0 and ai,k ≥ ai,k−1 + pi for all k > 1. A task set
τ = {T1, T2, . . . , Tn} denotes a set of n periodic or sporadic tasks. Throughout this article, we
will clearly state whether τ is assumed to be periodic or sporadic. If Di = pi, we say Ti has
an implicit deadline. If Di ≤ pi, we say Ti has a constrained deadline, otherwise we say Ti’s
deadline is unconstrained.

One important parameter used to describe a real-time task is its utilization ui = ei / pi,
which is the proportion of time that Ti must execute between its arrival time and deadline. For
sporadic tasks, the utilization measures the “worst-case average demand” — i.e., the average



proportion of required computing time assuming the task has a worst case sequence of arrivals
(ai,k = ai,k−1 +pi). The total utilization of task set τ , denoted U(τ), is the sum of the individual
task utilizations, viz.,

U(τ) =
n∑
i=1

ui. (1)

One reason why task utilization is such an important parameter is its usefulness in schedu-
lability analysis. For example, a periodic or sporadic task set τ with implicit deadlines can be
scheduled to meet all deadlines on m identical processors if and only if the following conditions
hold [6], [11]

U(τ) ≤ m, and ui ≤ 1 for all i = 1, 2, . . . , n. (2)

We say any task satisfying Equation 2 is feasible for m processors.
When τ contains tasks with constrained deadlines, we use the density parameter instead of

utilization to analyze the task set’s schedulability. A task Ti’s density is δi = ei/min{pi, Di},
which measures Ti’s average demand during its active intervals. The total density of task set τ ,
denoted ∆(τ), is the sum of the individual task utilizations, viz.,

∆(τ) =
n∑
i=1

δi. (3)

A task set τ divides the time line into a sequence of intervals, called TL-planes [7] [tj−1, tj),
where t0 = 0 and for each j ≥ 1,

tj = min
t>tj−1

{t = di,k | Ti ∈ τ, k > 0}. (4)

At each time t within the TL-plane [tj−1, tj), every task Ti has a local execution requirement,
`i,t. This is the amount of time that Ti must execute between time t and time tj . The progress
of each task during the interval [tj−1, tj) may be viewed as a 2 dimensional plane in which
the horizontal axis represents time (T) and the vertical axis represents local execution time (L).
Hence, the term TL-plane for these intervals. A task’s local utilization is the proportion of time
Ti must execute during the remainder of the current TL-plane, namely

ri,t = `i,t/(tj − t), (5)

where tj is the end of the TL-plane containing t. If ri,t = 1 at some point t, then `i,t = tj− t. In
this case, Ti must execute for the remainder of the TL-plane in order to complete its allocated
local execution time. We call such tasks critical at time t.

The total local utilization of τ at time t, denoted Rt, is the sum of the individual local
utilization values, viz.,

Rt =
n∑
i=1

ri,t. (6)

For our discussion, we need to be able to distinguish which tasks have remaining local
executing time. We say a task Ti is operative at time t if `i,t > 0 and we let P(t) be the
set of operative tasks.. If a task is not operative, we say it is stagnant .

We consider the problem of scheduling n periodic or sporadic tasks on m identical multi-
processors. Without loss of generality, we assume the speed of the processors is 1 for identical
multiprocessors — i.e., each processor performs one unit of work per unit of time. Below we



discuss the implementation of LLREF on identical multiprocessors. We then examine some of
the fundamental underlying attributes of the LLREF scheduling algorithm. We use important
observations about these attributes to develop the new algorithm LRE-TL.

3. A Brief Overview of LLREF

We begin with a description of the LLREF algorithm [7], which was proven to be optimal
for periodic tasks sets with implicit deadlines (i.e., Di = pi). Given a task set τ that is feasible
for m processors (i.e., τ satisfies the utilization bounds given in Equation 2), LLREF schedules
the tasks so that similar bounds also hold for the τ ’s local utilization – i.e.,

For all t ≥ 0 and i = 1, 2, . . . , n, Rt ≤ m, and ri,t ≤ 1. (7)

As stated above, LLREF divides the time horizon into a sequence of consecutive and non-
overlapping TL-planes. Each TL-plane ends at some task’s deadline and there are no deadlines
within any TL-plane. At the beginning of each TL-plane [tj−1, tj), each task Ti has its local
utilization ri,tj−1

initialized to ui. Thus, for every TL-plane [tj−1, tj),

`i,tj−1
= ui(tj − tj−1)). (8)

Within each TL-plane, LLREF makes scheduling decisions with the aim of achieving the fol-
lowing goals.

1) No processor idles while a job is waiting,
2) No task’s local execution becomes negative, and
3) No task’s local utilization exceeds 1.
LLREF reschedules the tasks whenever one of these goals is about to be violated. When

LLREF invokes a scheduling event, it selects the tasks with the largest local remaining execution
and executes them until the next scheduling event. We say a task Ti is heavier than another task
Tj at a given time t if `i,t > `j,t. Similarly, Ti is lighter than Tj at time t if `i,t < `j,t.

At each scheduling point, LLREF executes the heaviest operative tasks. If there are fewer
than m operative tasks, then LLREF executes all of the operative tasks. We let xt denote the
maximum number of tasks that can execute simultaneously at a given time t. Because, no more
than m tasks can execute at one time, xt ≤ m. If there are fewer than m operative tasks, then
xt is the number of operative tasks. Hence,

xt = min{m, |P(t)|}. (9)

LLREF is based on two types of scheduling events. When a scheduling event occurs at time
t, LLREF executes the xt heaviest operative tasks until the next scheduling event.

Assume an event occurs at time t within some TL-plane [tj−1, tj). Let s denote the latest
event (or TL-plane boundary) prior to time t. Then the xs heaviest tasks execute during [s, t).
These tasks execute without interruption until either a bottom (B) event or a critical (C) event
occurs or some task has a deadline. Below, we discuss B and C events in more detail.
B (bottom) events occur when a task hits the ”bottom” of the TL-plane (i.e., when a task
depletes its local remaining execution). Let Th be the lightest of the xs tasks that were scheduled
to execute at time s. If a B event occurs, it clearly must be triggered by task Th. Moreover, the
B event will occur at time t = (s + `h,s). If tasks are not rescheduled at this point, then either
the processor executing task Th will become idle, which could cause LLREF’s first goal being



Example 1:

T4 T2 T3p1
B(T ) B(T ) B(T )B(T )

T6 T1p2

B(T4) B(T2) B(T6)B(T3)

T7 T3 T7

p2
C(T1) B(T1)

TS‐end

T8 T8 T5 T8

p3 B(T7)

T8 T8 5 8

p4

0 1 2 3 4 5
B(T8) B(T5)

Figure 1. An LLREF schedule.

violated, or Th’s local remaining execution will become negative, which would violate LLREF’s
second goal.
C (critical) events occur when some task’s local utilization becomes 1. Clearly, a C event is
caused by the heaviest non-executing task. In particular, if Th is this heaviest task, then Th causes
a C event at time t = (tj − `h,s). If this task is not allowed to execute as soon as the C event
occurs, its local utilization will exceed 1. This not only violates the second goal, it also means
that Th will miss its local deadline at time tj .

The following example illustrates an LLREF schedule.
We present the LLREF schedule of the task set shown in Table 1, which was used in [7]. We

illustrate the schedule on four processors for the first TL plane, [0, 5).

pi ei

T1 7 3
T2 16 1
T3 19 5
T4 5 4
T5 26 2
T6 26 15
T7 29 20
T8 17 14

Table 1. Demonstration task set.

The schedule is shown in Figure 1. All events are labeled with the event type followed by the
task that invoked the event. Each timeline corresponds to one of the four processors. Initially,
the local execution of the tasks (rounded to 2 decimal places) are set as follows.

`1,0 = 2.14, `2,0 = 0.31, `3,0 = 1.32, `4,0 = 4.00,

`5,0 = 0.38, `6,0 = 2.88, `7,0 = 3.45, `8,0 = 4.12.

At t = 0, LLREF executes the 4 heaviest tasks: T8, T4, T7 and T6. The first possible B event
would occur at time 2.88, when T6 will complete its local execution. The first possible C event



would occur at time 5 − 2.14 = 2.86, when task T1’s local utilization will reach 1. Therefore,
the first event within this TL-plane is a C event that occurs at time 2.86 and task T1 executes
for the remainder of the TL-plane.

When the first event occurs, each task’s local execution will be as follows.

`1,2.86 = 2.14, `2,2.86 = 0.31, `3,2.86 = 1.32, `4,2.86 = 1.14,

`5,2.86 = 0.38, `6,2.86 = 0.03, `7,2.86 = 0.59, `8,2.86 = 1.26.

Therefore, tasks T1, T3, T8 and T4 are selected to execute. The first possible B event would occur
at time 2.86+1.14 = 4, when T4 completes its local execution. The first possible C event would
occur at time 5 − 0.59 = 4.41, when task T7’s local utilization will reach 1. Therefore, the
second event within this TL-plane is a B event that occurs at time 4, after which task T4 will
not execute for the remainder of the TL-plane.

Execution will continue in this manner until the TL-plane ends at time 5. Note that some of
the execution times are too small to be shown in Figure 1 (such as the remaining 0.02 units of
work on task T6).

Srinivasan, et al. [11], introduced the concept of a fluid schedule in which all tasks execute at
a constant rate equal to their utilization values. Thus, during an interval [0, t0), each task Ti will
have executed for ui · t0 time units. Cho, et al. [7], proved that LLREF is optimal by showing
that there can never be more than m critical tasks in any TL-plane. Thus, all tasks are able
to complete their local execution and LLREF tracks the fluid schedule at TL-plane boundaries
(i.e., at every deadline). By definition, if tj is the deadline of the kth job of some task Ti then
tj = k · pi. Because LLREF tracks the fluid schedule at every deadline, when tj = k · pi task Ti
will have executed for

ui · (k · pi) = k · ei (10)

time units. In other words, all jobs will meet their deadlines.
Two shortcomings of LLREF have been noted. First, it incurs fairly high overhead [12].

Second, it is only defined for periodic tasks with deadlines equal to periods [13], [14]. Below,
we discuss how to address these two shortcomings.

4. LRE-TL: A Modification of LLREF

We now present our algorithm, LRE-TL (local remaining execution-TL plane). In Section 4.1
below, we present an analytical result that proves LLREF algorithm continues to be optimal
for periodic tasks with implicit deadlines even if tasks are not sorted within the TL-planes. We
also illustrate an example LRE-TL schedule. In Section 4.2, we show how LRE-TL handles
sporadic arrivals while still assuming implicit deadlines. In Section 4.3 we show how LRE-
TL can schedule task sets with unconstrained deadlines (no longer claiming optimality in this
case). In Section 4.4 we present the LRE-TL algorithm in detail for task sets with unconstrained
deadlines and discuss its running time. Finally, we compare the running time of LRE-TL to that
of LLREF in Table 2 (Section 4.5).

As noted above, LLREF has fairly high running time. When a scheduling event occurs at
time t, LLREF must determine which tasks to execute and when the next event will occur.
Finally, if xt = m, it must also find when the earliest C event might occur. Thus τ must be at
least partially sorted during each scheduling event in order to determine which tasks should be



scheduled during the next TL-plane. Maintaining a sorted list is the most expensive portion of
each scheduling event, which leads us to question whether this step is actually necessary. Below,
we show this sorting step can be skipped and the resulting algorithm is more efficient and can
schedule a wider variety of task sets.

4.1. Implicit deadline, periodic tasks

Recall the following result presented by Hong and Leung [15], [16]
Theorem 1 ([15], [16]): No optimal online scheduler can exist for a set of jobs with two or

more distinct deadlines for any m-processor identical multiprocessor, where m > 1.
This theorem does not claim that no optimal algorithm exists if all deadlines are equal. In

fact, Hong and Leung [15], [16] present an algorithm, called Reschedule, which is optimal
when the jobs all have the same deadline.

LLREF is designed to divide each job into subjobs so that
• The work done by each subjob is proportional to the duration of the TL-plane, and
• At all times all of the operative tasks have the same deadline.

The key to our ability to reduce LLREF’s running time and to schedule more general task
sets is the recognition that we have much more flexibility when deadlines are all shared. We
can generalize the concepts behind LLREF and introducing the concept of a TL-plane-based
algorithm.

Definition 1: Let A be an algorithm that schedules periodic or sporadic task sets on identical
multiprocessors. Then A is a TL-plane-based algorithm if it adheres to the following rules.

1) Algorithm A begins a new TL-plane at time t = 0.
2) If a TL-plane boundary occurs at some time tj−1, then the next TL-plane boundary tj is

set to the earliest deadline di,k > tj−1 of any task Ti that is operative at time tj−1.
3) At the beginning of the TL-plane [tj−1, tj), the local execution time `i,tj−1

of each operative
task Ti in τ is initialized in proportion to its utilization using Equation 8.

4) Algorithm A schedules each task Ti to execute for `i,tj−1
time units during the TL-plane

[tj−1, tj).
Clearly, LLREF is one example of a TL-plane-based scheduling algorithm. Below, we show

that any TL-plane-based algorithm is optimal for periodic task sets with implicit deadlines.
This observation allows us to greatly reduce the running time of LLREF without sacrificing the
optimality of the algorithm.

Lemma 1: Let τ be a periodic task set with implicit deadlines. Assume τ is scheduled using
any TL-plane-based algorithm A. Let [tj−1, tj) be some TL-plane. Then the following conditions
hold.

1) During the TL-plane [tj−1, tj), no task will generate a new job.

2) At the beginning of the TL-plane, for each task Ti there exists a job Ti,k that needs to
execute for at least `i,tj−1

more time units.
Proof: The proof is by induction on the TL-planes. Because τ is a periodic task set with

implicit deadlines, all tasks are operative at time t0 = 0. By the definition of TL-plane-based
algorithms

t1 = min{pi | Ti ∈ τ}. (11)



Therefore, no task will generate a new job before time t1 and Condition 1 holds. Now consider
any task Ti. At time t = 0, task Ti generates the job Ti,1 which needs to execute for ei time
units. By definition,

`i,0 = ui · (t1 − t0) (12)
≤ ui · pi (13)
= ei. (14)

Thus, both conditions of the lemma hold for the TL-plane [t0, t1).
Now, assume the Lemma holds for all TL-planes during the interval [0, tj−1], where tj−1 is

the start of the jth TL-plane for some j ≥ 1. Then by the induction hypothesis all tasks are
operative at time tj−1. Therefore, tj is the earliest deadline of all the tasks of τ . Thus, no new
jobs can arrive during [tj−1, tj) and Condition 1 holds for the TL-plane [tj−1, tj).

We now show that at time tj−1 every task Ti has an associated job Ti,k that needs to execute
for at least `i,tj−1

more time units. Because A is a TL-plane-based algorithm, task Ti has executed
for

j−1∑
h=1

ui · (th − th−1) = ui · tj−1 (15)

time units during the interval [0, tj−1). Let di,k denote Ti,k’s deadline. Because A is TL-plane-
based and Condition 1 holds for [tj−1, tj), we know di,k ≥ tj . By the periodicity of Ti

k =

⌈
tj
pi

⌉
. (16)

Thus, the total execution time of all tasks released at or before time tj−1 is

k · ei =

⌈
tj
pi

⌉
· ei (17)

≥ tj
pi
· ei (18)

= ui · tj. (19)

Therefore, Ti,k’s remaining work at time tj−1 can be bounded by subtracting Equation 15 from
Inequality 19, giving a lower bound of

ui · tj − ui · tj−1 = `i,tj−1
, (20)

so Condition 2 holds for [tj−1, tj).
Lemma 1 effectively tells us that as long as we adhere to the TL-plane-based scheduling rules,

there will be no surprises within a TL-plane. This predictability is exactly what we need to prove
optimality, as the following Corollary illustrates.

Corollary 1: Let τ be any implicit-deadline periodic task set and let A be any TL-plane-based
algorithm. Then no jobs will miss their deadlines if algorithm A schedules τ .

Proof: Let Ti,k be any job and let di,k denote its deadline. By Lemma 1, di,k is the end of
some TL-plane tj where

tj = k · pi. (21)



Consider any TL-plane [th−1, th), where 1 ≤ h ≤ j. By Lemma 1 task Ti has at least `i,th−1

units of outstanding work at time th−1. Because A is a TL-plane-based algorithm, Ti will execute
for exactly `i,th−1

time units during [th−1, th). Let Ti,k denote the total time Ti executes during
[0, di,k). Then

Ti,k =
j∑

h=1

`i,th−1
(22)

=
j∑

h=1

ui · (th − th−1) (23)

= ui · tj. (24)

Substituting Equation 21 into Equation 24 gives

Ti,k = ui · (k · pi) (25)
= k · ei. (26)

Hence Ti,k meets its deadline.
While Lemma 1 illustrates the promise of using TL-plane-based scheduling algorithms, we

still have some difficulty when it comes to creating a TL-plane-based schedule. The first three
rules of TL-plane-based scheduling are unambiguous properties that must hold at every TL-
plane boundary. The fourth rule is a bit trickier because it only states how long each task should
execute without stating when a task should execute.

We now determine some guidelines regarding the choice of tasks to execute at any time s
within a TL-plane. Clearly, we can only execute at most m tasks, all of which must be operative,
and we must execute all the critical tasks. In addition, if the total local utilization is m we must
execute exactly m tasks. Theorem 2 below tells us that these guidelines are adequate. We first
show that we can always find a set of tasks adhering to these guidelines if τ ’s local utilization
is feasible for m processors (i.e., if Equation 7 holds for τ ).

Lemma 2: Assume A is a TL-plane-based algorithm scheduling some task set τ . Let s be
some time within a TL-plane [tj−1, tj) such that Rs ≤ m and ri,s ≤ 1 for all tasks Ti. Then
there exists a set of tasks X satisfying the following:

1) X ⊆ P(s)
2) {Ti | ri,s = 1} ⊆ X
3) m ≥ |X|
4) If Rs = m then |X| = m.

Proof: By Condition 2, X must include all critical tasks (i.e., the tasks Ti such that ri,s = 1).
Because Rs ≤ m we know that there can be no more than m critical tasks. Therefore, it is possible
to create a set of operative tasks containing all the critical tasks and no more than m tasks —
i.e., a set X exists that satisfies the first three conditions.

Now assume Rs = m. By assumption, 0 ≤ ri,s ≤ 1 for all tasks Ti. Therefore, |P(s) ≥ m|
so a set X of m tasks satisfying the first three conditions exists.

Recall that LLREF reschedules tasks whenever there is a B or a C event. If an algorithm
always selects tasks according to the guidelines given in Lemma 2, we will need one additional
event which we call an F (full) event.
F (full) events occur when some τ ’s total local utilization becomes m. Specifically, an F event
occurs at any time te such that Rte = m and there exists some ε > 0 such that Rt < m for all



t ∈ [te − ε, te).
We will now prove that A is optimal as long as tasks are selected according to the lemma

above and A reschedules the tasks upon every B, C and F event.
Theorem 2: Let τ be a periodic task set with implicit deadlines that is feasible for m proces-

sors. Let A be any scheduling algorithm that adheres to the first three properties of TL-plane-
based scheduling (Definition 1). Assume A triggers scheduling events whenever a B, C or F
event occurs. Further, assume that when A schedules a set of tasks X to execute, X satisfies
the properties of Lemma 2. Then A will successfully complete all tasks’ local execution within
every TL-plane. I.e., A adheres to all four properties of TL-plane-based scheduling.

Proof: Let [tj−1, tj) be any TL-plane. If some task Ti does not execute for `i,tj−1
time units

during the [tj−1, tj) then there will be some time s, where tj−1 < s < tj , such that ri,s > 1
and Rs > m. Thus, it suffices to prove that for all times s within any TL-plane, Rs ≤ m and
0 ≤ ri,s ≤ 1 for all tasks Ti. The proof is by induction on the events within the TL-plane.

By assumption, τ is feasible for m processors. At the beginning of each TL-plane [tj−1, tj),
local execution times are set so that ri,tj−1

= ui for all tasks Ti. Therefore, the base case holds.
Now assume A selects a set of tasks X to execute at time s, where Rs ≤ m and 0 ≤ ri,s ≤ 1

and X satisfies the properties of Lemma 2. Select any time te > s such that there are no B, C
or F events during the interval [s, te). Let v be any time such that s ≤ v ≤ te. We wish to show
that Rv ≤ m and ri,v ≤ 1 for all tasks Ti.

If Rs < m then Rv < m because no F event can occur between times s and v. If Rs = m then
the total remaining execution of all the tasks at time s is Ls = Rs · (tj − s). By the conditions
of Lemma 2, A must execute m tasks during the interval [s, v). Therefore, we can find Lv as
follows.

Lv = Ls −m · (v − s) (27)
= m · (tj − s)−m · (v − s) (28)
= m · (tj − v). (29)

Thus,
Rv =

Lv
tj − v

= m. (30)

Now consider ri,v for any task Ti. If 0 < ri,s < 1 then 0 < ri,v < 1 because there are no B or
C events between s and v. If ri,s = 0 or ri,s = 1 then ri,v = ri,s because A only executes tasks
in P(s) and executes all critical tasks.

We have shown that Rv ≤ m and 0 ≤ ri,v ≤ 1 for all tasks Ti, where s ≤ v < te. Therefore,
Rte ≤ m and 0 ≤ ri,te ≤ 1 for all tasks Ti.

Theorem 2 shows that an algorithm can adhere to the TL-plane-based scheduling rules using
some fairly straightforward decision mechanisms. With this in mind, we see that many of
LLREF’s scheduling overheads can be avoided. In particular, there is never any need to sort
tasks within a TL-plane and many of the preemptions and migrations within a TL-plan are
unnecessary. Of course, if m operative tasks are executing when the C event occurs, then some
task must be preempted and that task will have to migrate. Theorem 2 tells us that this is the
only time such overheads must be incurred within a TL-plane.

Consider once again the LLREF schedule shown in Figure 1. There are several points in this
schedule where a preemption can clearly be avoided. For example, on processor p4, task T5



Example 2:

T4 T2 T3p1
B(T ) B(T ) B(T )B(T )

T6 T1p2

B(T4) B(T2) B(T6)B(T3)

T7 T3 T7

p2
C(T1) B(T1)

TS‐end

T8 T8 T5 T8

p3 B(T7)

T8 T8 5 8

p4

0 1 2 3 4 5
B(T8) B(T5)

Figure 2. An LRE-TL schedule.

preempts T8, which later preempts T5 and is once again preempted by T8. This is an artifact of
selecting the m tasks with the largest local remaining execution at every scheduling event.

We use the results provided in Theorem 2 to develop algorithm LRE-TL, which is similar to
LLREF but has a simpler task selection process within a TL-plane. If a scheduling event occurs
at some time t, LRE-TL will schedule xt tasks (see Equation 9). Thus, F events will never occur
in LRE-TL schedule. Because C events are the ones that cause preemptions and migrations,
LRE-TL prefers to schedule heavier tasks. If a preemption is necessary, LRE-TL will preempt
the lightest executing task. We illustrate LRE-TL in the following example.

Figure 2 illustrates the LRE-TL schedule of the task set described in Table 1, which we used
to present the LLREF algorithm in Example 1. Because we have the same task set executing
and the mechanism for initializing local execution time is identical, the initial execution times
are the same as in Example 1, viz.

`1,0 = 2.14, `2,0 = 0.31, `3,0 = 1.32, `4,0 = 4.00,

`5,0 = 0.38, `6,0 = 2.88, `7,0 = 3.45, `8,0 = 4.12.

LLREF and LRE-TL both start by selecting the m tasks with the largest remaining execution.
Thus, they both initially execute tasks T8, T4, T7 and T6 to execute at time t = 0 until task T1

has a C event at time 2.86.
At this point the LRE-TL schedule starts to differ from the LLREF schedule. In both schedules,

task T1 will preempt task T6, which has the lowest remaining execution of all executing tasks,
and T1 will execute for the remainder of the TL-plane. However, in the LRE-TL schedule, the
remaining tasks (T4, T7 and T8) will continue to execute. Scheduling will continue in this manner
as shown in Figure 2. Whenever some task Ti incurs a B event, the heaviest waiting will be
assigned to the processor that was executing Ti. Whenever a task incurs a C event, it preempts
the lightest executing task.

Note that, LRE-TL permits both T5 and T8 to execute without being preempted. The only
task that is preempted is T6, which is preempted when T1 has a C event. At time t = 0, the 4
heaviest tasks have local execution larger than 5 − `6,0 = 2.12. Therefore, no matter how the
TL-plane is scheduled, at least one task must be preempted.



Even for this small example task set, the difference between the two algorithms is quite stark.
LLREF triggers 5 preemptions, 2 of which result in a task migration, whereas LRE-TL triggers
only 1 preemption and migration1. We now examine how to relax the restriction that LRE-TL
schedules only strictly periodic tasks with implicit deadlines.

4.2. Scheduling Sporadic Tasks

Until the introduction of LRE-TL [17], there was no known method for modifying LLREF to
handle sporadic tasks. The difficulty arose because job arrival times are unknown for sporadic
tasks and it was not clear how to handle the arrival of a new job in the middle of a TL-plane.
Recall that the optimality of TL-plane-based scheduling algorithms relied on Lemma 1, which
states that no task will generate a job within a TL-plane. The flexibility we observed in the
previous section indicates that handling such arrivals might not be so complicated after all.
However, we cannot rely solely on the B, C and F events if jobs may arrive within a TL-plane.
If we choose to execute very few of the operative tasks, the total local utilization of the task set
may rise over time, in which case a sporadic arrival at some time t might cause Rt to exceed
m. Lemma 3 below shows how to prevent total local utilization from increasing over time when
scheduling periodic task sets.

Lemma 3: Assume a TL-plane-based scheduling algorithm A is scheduling the implicit-deadline
periodic task set τ on m processors during some TL-plane [tj−1, tj). Let s be some time in the
TL-plane such that Rs ≤ m and ri,s ≤ 1 for all tasks Ti and assume A schedules a set of tasks
X to execute at time s such that

|X| ≥ bRsc (31)

and let te be the earliest scheduling event that occurs after s. Then the total local utilization
does not increase during [s, te). Specifically, for any v ∈ [s, te)

Rte ≤ Rv ≤ Rs. (32)

Proof: Because no events occur between s and te, the tasks in X must execute during
the entire interval [s, te). Therefore, the total work done during the interval [s, v) is equal to
(v − s) · |X| and we know that

n∑
i=1

`i,v =
n∑
i=1

`i,s − (v − s) · |X|. (33)

Therefore, we can determine Rv as follows.

Rv =
n∑
i=1

`i,s − (v − s) · |X|
tj − v

(34)

=
n∑
i=1

`i,s
tj − s

× tj − s
tj − v

− (v − s) · |X|
tj − v

(35)

Note that
tj − s
tj − v

= 1 +
v − s
tj − v

(36)

1. Because LRE-TL only preempts tasks when a C event occurs, every preemption will result in a migration. The same holds
true for preemptions due to C events in LLREF.



Substituting Equation 36 into Equation 35 gives,

Rv = Rs +
v − s
tj − v

) · (Rs − |X|) (37)

≤ Rs (38)

The last step follows because X contains at least dRse tasks and s < v < tj .
The following observation, which follows directly from Lemma 3, allows us to make TL-

plane-based scheduling algorithms more efficient and more flexible.
Observation 1: Let A be a scheduling algorithm that adheres to the first three properties of

TL-plane-based scheduling for implicit-deadline periodic task sets and let X(t) ⊆ P(t) denote
the set of tasks A schedules at a given time t. If |X(t)| ≥ Rt for all t then total local utilization
cannot increase within a TL-plane.

Using this observation, we begin to see how to schedule sporadic task sets with implicit
deadlines. First, we must define a new type of scheduling event for task arrivals.
The A Event The A (arrival) event occurs when a sporadic task Ts invokes a new job.

When a task Ts generates a new job at some time ts in the middle of a TL-plane [tj−1, tj), we
can set Ts’s local utilization to be rs,ts = us, just as we would at the beginning of a TL-plane.
Specifically, we let

`s,ts = us · (tj − ts). (39)

Once `s,ts is determined, the scheduling can proceed as normal if the new job’s deadline does
not occur within the current TL-plane. If, however, the deadline is before tj some extra work is
required. Theorem 3 demonstrates that any TL-plane-based algorithm can successfully schedule
A events when the new job’s deadline is not in the current TL-plane.

Theorem 3: Let τ be an implicit-deadline sporadic task set that is feasible on m processors.
Assume τ is scheduled using a TL-plane-based algorithm such that at every scheduling event
te, A executes at least dRtee tasks. Assume task Ts generates a new job at some time ts within
TL-plane [tj−1, tj), where ts + ps ≥ tj . If A sets `s,ts according to Equation 39, then all tasks
will be able to complete their local execution within the current TL-plane and the system will
be feasible at time tj .

Proof: We show that all tasks will be able to complete their local execution by proving
that after Ts arrives Rts ≤ m and ri,ts ≤ 1 for all Ti. Because Ts generated a new job within
the TL-plane, it must have been stagnant at time tj−1. Hence, Rtj−1

≤ m − us. By Lemma 3,
just prior to ts we know that Rts−ε ≤ Rtj−1

. Therefore, after letting rs,ts = us (thus, increasing
Rts), we still have Rts ≤ m. Also, ri,ts ≤ 1 for all tasks Ti because Ts’s arrival will not change
the utilization of any task other than Ts. Therefore, A will be able to successfully schedule the
remainder of the TL-plane.

We now show that the system will be feasible at time tj . For each active task Ti, let Ti,j be
the active job at time tj and let ci,j be the amount of time Ti,j has executed since its arrival at
time ai,j ≤ tj . Because local execution is always set to be proportional to a task’s utilization, it
must be the case that

ci,j = ui · (tj − ai,j) (40)
= ui · (di,j − ai,j)− ui · (di,j − tj) (41)
= ei − ui · (di,j − tj). (42)



Therefore, Ti,j will be able to execute for ei time units by its deadline.
The correctness of LLREF (and of LRE-TL) hinges on the following two conditions: (i)

all tasks complete their local execution by the end of every TL-plane, and (ii) every task’s
deadline coincides with the end of some TL-plane. These algorithms do not guarantee any
timing properties within a TL-plane, but they can make guarantees at the boundaries between
TL-planes.

Because sporadic tasks do not have fixed arrival times, we cannot predict the pattern of the
deadlines in advance. Hence, at the beginning of each TL-plane tj−1, we determine the duration
of the TL-plane by finding the earliest upcoming deadline, dnext, and setting tj equal to dnext.
Doing this will ensure that the deadlines of all operative tasks will correspond with the end of
some TL-plane. If a sporadic task generates a new job with a deadline no earlier than tj , then
Theorem 3 tells us that we can safely schedule all tasks. We now consider jobs arriving with
deadlines before tj . There are three ways to address this possibility.
• We can ensure no sporadic arrival will have a deadline within a TL plane by limiting the

length of a TL-plane.
• We can adjust the TL-plane online.
• In some cases, we can ignore the internal deadline by ensuring the sporadic task can execute

non-preemptively.
We discuss each of these approaches below.

Avoiding internal deadlines. A sporadic deadline within a TL-plane can be avoided by shortening
the TL-plane. As noted above, a task can generate a job within TL-plane [tj−1, tj) only if it is
stagnant at time tj−1. Let pmin be the shortest period of any stagnant task and let dnext be the
earliest deadline after tj−1. Then no deadline of any operative or stagnant task can occur within
the TL-plane if we set tj , the end of the TL-plane starting at time tj−1, as follows

tj = min{dnext, tj−1 + pmin}. (43)

While this approach will prevent internal deadlines, it achieves this goal at a cost. Because the
resulting TL-plane boundary will not coincide with any task’s deadline, we may be unnecessarily
increasing the number of TL-plane boundaries. Given that the scheduler’s runtime is longest at
TL-plane boundaries, we wish to avoid unnecessary boundaries such as this.

Handling internal deadlines online. If a sporadic task Ts generates a job whose deadline within
the current TL-plane, we can split the remainder of the TL-plane into two pieces, where the
break occurs at Ts’s deadline. The remaining execution times of the operative tasks are prorated
between the two portions. Specifically, if task Ti is operative at ts, we split `i,ts into two pieces
`i1 and `i2 , where

`i1 = `i,ts ·
ps

tj − ts
, and (44)

`i2 = `i,ts ·
(

1− ps
tj − ts

)
. (45)

Additionally, we let `s,ts = es. We then execute two separate TL-planes. The first one executes
Ts for es time units and each Ti for `i1 time units. The second one executes each Ti for the
remaining `i2 time units. By construction, the `i,1 = `i,2 for all Ti. Moreover, by Lemma 3, we
know that Rts ≤ m− us just prior to Ts’s arrival. Therefore, the total local utilization will not



exceed m in either “sub-plane” and all tasks will have a utilization of at most 1. Hence, any
TL-plane-based scheduler can successfully schedule the split tasks. However, this approach takes
as long as scheduling a TL-plane boundary. If possible, we would prefer to avoid this scheduling
expense.

Ignoring internal deadlines Because we assume ui ≤ 1 for every Ti, we know that if a job is
allowed to execute non-preemptively as soon as it arrives, it will meet its deadline. Therefore,
when a sporadic task generates a new job with a deadline within the current TL-plane. We can
check if the job can execute non-preemptively without causing any deadline misses. By design,
LRE-TL will only preempt jobs when a C event occurs. We can ensure that a sporadic task
whose deadline is within the current TL-plane will not be preempted provided there won’t be
too many C events before the task completes execution. When Ts generates a new job at time ts,
it will need to execute for es time units. Assume that µ tasks are executing non-preemptively at
time ts. We can ensure Ts can execute without being preempted if there are at most (m−µ−1)
operative tasks Ti with `i,ts > tj − ts − es. If more than (m − µ − 1) tasks have larger local
execution, we cannot ensure Ts can execute non-preemptively and we will have to split the
TL-plane as described above.

Clearly, the approach of ignoring the internal deadline is preferable whenever it can be
employed. However, there are times when the internal deadlines cannot be ignored through
non-preemptive execution and the TL-plane must be split.

4.3. Unconstrained deadlines

We now extend our analysis to allow for tasks with deadlines not equal to periods. Surprisingly,
there are very few changes required to accommodate this model. As indicated in Section 2, we
use the density rather than the utilization to determine schedulability when deadlines are not
equal to periods. Note that it is possible for a feasible task set to have a total density that
exceeds m. LRE-TL would not be able to successfully schedule such a system (no TL-plane-
based algorithm can). As a result, we do not claim that TL-plane-based scheduling is optimal for
task sets with unconstrained deadlines. In fact, Fisher, et al., showed that there are no optimal
online algorithms for sporadic task sets with unconstrained deadlines [18].
Constrained deadlines. When Di < pi, we only need to make two small changes to TL-plane-
based scheduling algorithms. First, if Ti is operative at the beginning of some TL-plane, we use
the density to determine local execution time

`i,tj−1
= δi · (tj − tj−1) (46)

Second, we use Di instead of using pi to determine TL-plane boundaries. Thus, at the beginning
of each TL-plane, we continue to determine the duration of the TL-plane by determining the
nearest upcoming deadline. However, if we wish to avoid internal deadlines, we need to ensure
that

tj ≤ tj−1 +Dmin, (47)

where Dmin is the shortest relative deadline of all stagnant tasks.
We can easily schedule tasks with constrained deadlines by applying our strategies for schedule

sporadic task arrivals. Consider the tasks Ti1 and Ti2 , where task Ti1 = (pi, ei, Di) is a periodic
task with Di < pi, and task T2 = (Di, ei, Di) is a sporadic task. Because Ti2 is a sporadic
task with implicit deadlines, we have seen LRE-TL and other TL-plane-based algorithms can



schedule this task. Note that LRE-TL can schedule Ti2 even if it arrives periodically with a period
of pi — i.e., even if its arrival patterns exactly mimics Ti1 . Therefore, LRE-TL can schedule
Ti1 , or any task with a constrained deadline, without any further changes.
Unconstrained deadlines. When Di > pi, a task could have several jobs within a single TL-
plane. When this occurs, we can run into two difficulties. First, a task might generate a new
job before the previous job has completed execution. In this case, we would execute the jobs in
FIFO order as usual – the job that was released earlier must finish executing before the next job
can begin. The local execution requirement `i,t is always applied to whichever job of Ti arrived
earliest. A more difficult issue arises, however, when the current job finishes executing before
the next job arrives. Clearly, we cannot execute Ti in this case even though `i,t > 0 – i.e., Ti
is operative, but cannot execute. If there are at least xt jobs with remaining work, there will be
no problem. However, if local utilization can be positive for some tasks that have no work it is
possible to have fewer than xt operative tasks at some time t. Thus, we cannot adhere to the
requirement that xt tasks are always executing. In order to avoid this issue, we use min{pi, Di}
to determine TL-plane boundaries. Using this approach ensures that only one job of each task
Ti will execute within any TL-plane even when Di > pi.

In this section, we have shown how to schedule sporadic tasks with unconstrained deadlines
using a TL-plane-based scheduling such as LRE-TL. We now describe the LRE-TL algorithm
in more detail.

4.4. Algorithm LRE-TL-Main

The LRE-TL algorithm is comprised of four procedures. The main procedure determines which
type of events have occurred, calls the handlers for those events, and instructs the processors
to execute their designated tasks. At each TL-plane boundary, LRE-TL calls the TL-plane
initializer. Within a TL-plane, LRE-TL processes any A, B or C events (LRE-TL does not
have to consider F events because it always executes at least xt tasks). The TL-plane initializer
sets all parameters for the new TL-plane. The A event handler determines the local remaining
execution of a newly arrived sporadic task. The B and C event handler preempts one or more
tasks if necessary and assigns new tasks to execute. In this section, we ensure that deadlines
cannot occur within TL-planes. In particular, we ensure no TL-planes are longer than qmin time
units, where qmin = min{Di, pi} for all stagnant tasks Ti. At the end of the section, we discuss
how the procedures should be modified to allow for interior deadlines.

Throughout this section, we discuss executing tasks rather than executing jobs. Because we
use min{Di, pi} to determine TL-plane boundaries, at most one job of Ti overlaps with any
TL-plane. Thus, there is no confusion about which job of each task is being scheduled — we
always schedule the job that overlaps with the current TL-plane.

LRE-TL maintains all operative tasks in one of two heaps: HB contains the tasks that are
currently executing, and HC contains the tasks that are waiting to execute. For both heaps, when
a task is added to the heap, its key is set to the time at which the task will trigger a scheduling
event. Heap HB contains the set of executing tasks. Task Ti ∈ HB triggers a B event if it executes
until time (t + `i,t) without interruption, where t is the current time. Therefore, HB is a min
heap whose key is (t + `i,t). Heap HC is the set of operative tasks that are not executing (i.e.,
the tasks with `i,t > 0 that are not assigned to any processor at time t). Task Ti ∈ HC triggers
a C event if it does not execute before time (tj − `i,t), where tj denotes the end of the current
TL-plane. Therefore, HC is a min heap whose key is (tj − `i,t). In addition, the heap HD is



Algorithm 1 LRE-TL-Main
1: if tcur = tj then
2: TL-Plane-Initialize
3: else
4: if an A event occurred then
5: LRE-TL-A-Event
6: if a B or C even occurred then
7: LRE-TL-BC-Event
8: if HB.size()> 0 then
9: tnext ← HB.min-key()

10: if HC .size()> 0 then
11: tnext ← min{tnext, HC .min-key()}
12: if HS .size()> 0 then
13: tnext ← min{tnext, HS .min-key()}
14: else
15: tnext ← tj
16: let each processor execute its designated task
17: sleep until time tnext

used to keep track of all upcoming deadlines. Its key is ai + min{Di, pi}, where ai is time Ti
most recently generated a job. Finally, HS keeps track of all stagnant tasks to ensure no tasks
arrive in a TL-planes with an internal deadline. It is a min heap whose key is min{Di, pi}.

Each task has two fields. Ti.key is the time when Ti will cause an event (the event type
depends on which heap Ti is in). Ti.proc-id is the processor Ti should execute on and is valid
only if Ti is in HB. In addition, each processor z has one field, z.task-id, which is the task
currently assigned to processor z.
A Simplifying Observation Note that an operative task Ti’s key does not change as long as Ti
remains in the same heap. If Ti ∈ HC , then `i,t is not changing over time, so (tj − `i,t) remains
constant. Also, if Ti ∈ HB, then `i,t decreases as t increases, so (t+ `i,t) remains constant. If a
task Ti switches from one heap to the other at time t, then its new key is set to (tj − Ti.key+t),
where Ti.key was its key prior to switching heaps. Thus, we can maintain proper execution
without having to update ` at each B or C event.

The heaps have five methods. H .min-key() returns the value of the H’s minimum key. H .size()
returns the number of objects in H . H .extract-min() removes the object with the smallest key
from the heap H . H .insert(I) inserts item I into the heap. H .find-key(k) returns a pointer to
the object whose key equals k if one exists and returns NULL otherwise. The first two methods
run in O(1) time and the last three run in O(logH .size()) time.

LRE-TL’s main algorithm is illustrated in Algorithm 1. At the beginning of a TL-plane,
LRE-TL will initialized the TL-plane. Within a TL-plane, it will process all A, B and C events.
Once the initializer or events are completed, LRE-TL instructs the processors to execute their
designated tasks and sleeps until the next event occurs.

The TL-plane initializer is illustrated in Algorithm 2. It first finds tj (lines 1 through 7), which
is set to the earliest upcoming deadline, but is never larger than (tcur + qmin), where qmin is
the earliest TL-plane boundary that a stagnant task might invoke. Once tj is identified, the local
execution values of operative tasks are initialized accordingly (lines 9 through 20). The first m



Algorithm 2 TL-Plane-Initialize
Require: C contains the set of all operative tasks. HB and HC are both empty. τ is sorted by

density.

1: for all tasks Ti that arrived at time tcur do
2: HD.insert(tcur + min{pi, Di})
3: if Ti ∈ H.S then
4: delete Ti from HS

5: tj ← tcur +HS .find-min()
6: if HD.min-key() ≤ tj then
7: tj ← HD.extract-min()
8: z ← 1
9: for all i = 1 to m do

10: if Ti ∈ C then
11: `← ui(tj − tcur)
12: if z ≤ m then
13: Ti.key ← tcur + `
14: Ti.proc-id ← z
15: z.task-id ← Ti
16: HB.insert(Ti)
17: z ← z + 1
18: else
19: Ti.key ← tj − `
20: HC .insert(Ti)
21: else
22: HS .insert(min{Di, pi})
23: for all processors z′ s.t. m ≥ z′ > z do
24: z′.task-id ← NULL

tasks are inserted into HB and the remaining tasks are inserted into HC . The keys are set to the
time when the task will trigger a B event (if the task is in HB) or a C event (if the task is in
HC). If there are fewer than m operative tasks, the idle processors’ task id’s are set to NULL
(lines 23 through 24). In order to ensure LRE-TL initially assigns the heaviest tasks to execute,
we require that tasks are initially sorted by their density.

The A event handler is shown in Algorithm 3. When a sporadic task Ts arrives, this algorithm
determines Ts’s local remaining execution, `, and adds Ts to one of the heaps (HB or HC). If
some processor is idle, then Ts is added to HB (lines 3 through 6). If there are m operative
tasks, then Ts will only preempt a task if its has zero laxity. Hence, when HB.size() = m, Ts is
added to HC if us < 1(lines 8 through 10) and Ts is added to HB and the lightest executing task
Tb is moved from HB to HC if us = 1 (lines 12 through 19). Before returning, Ts is inserted
into HD and removed from HS (lines 20 through 22).

The B and C event handler is shown in Algorithm 4. It identifies which task(s) caused the
events. After this algorithm executes the following conditions hold: (i) xtj tasks are executing,
(ii) `b > 0 for all Tb ∈ HB and (iii) rc < 1 for all Tc ∈ HC . The algorithm begins by handling
any B events (lines 1 through 11). Any tasks Tb ∈ HB with remaining execution equal to 0 are



Algorithm 3 LRE-TL-A-Event
Require: The sporadic task Ts that invokes a job to trigger this algorithm is not in C.

1: `← us(tj − tcur)
2: if HB.size() < m then
3: Ts.key ← tcur + `
4: Ts.proc-id ← z{z is any idling processor}
5: z.task-id ← Ts
6: HB.insert(Ts)
7: else
8: if us < 1 then
9: Ts.key ← tj − `

10: HC .insert(Ts)
11: else
12: Tb ← HB.extract-min()
13: Ts.key ← tcur + `
14: Tb.key ← tj − Tb.key+tcur
15: z ← Tb.proc-id
16: Ts.proc-id ← z
17: z.task-id ← Ts
18: HB.insert(Ts)
19: HC .insert(Tb)
20: if HD.find-key(tcur + min{Ds, ps}) = NULL then
21: HD.insert(tcur + min{Ds, ps})
22: HS .delete(Ti)

removed from HB and replaced by a waiting task (if one exists). The algorithm then handles
the C events (lines 12 through 22). Any tasks Tc ∈ HC with utilization equal to 1 are removed
from HC and swapped with some executing task Tb (lines 14 through 9).
Interior deadlines. The procedures presented above prevent jobs that arrive within a TL-plane
from having a deadline within the TL-plane. If deadlines can occur within a TL-plane a few
changes would be required. First, the length of the TL-plane would be determined only by
HD.min-key() and not by qmin. Thus, lines 5 and 6 would be removed from Algorithm 3.

If we wish internal deadlines to always cause the TL-plane to be split, then lines 8 through 19
of Algorithm 3 should only be executed if tcur + min{Ds, ps} ≤ tj . Otherwise, the prorated
execution times `i1 and `i2 must be determined for all operative tasks Ti. The current keys are
replaced with the first values and `s,ts is set to es. Execution proceeds as normal until the split
point, at which time the keys are replaced with the second ` values.

If we wish to avoid splitting the TL-planes by using the non-preemptive approach, we maintain
the non-preemptable tasks in a new heap HN . Tasks in HN can invoke B events, so their key
is the local remaining execution time. However, these task are not considered for preemption if
a C event occurs. When a task with an internal deadline arrives, before we split the TL-plane,
we find the lightest preemptable executing task Tx and check if tj − ts − es is larger than the
remaining execution time of (m−µ) tasks in H.C

⋃{Tx}, where µ = HN .heap-size(). If so, the
TL-plane must be split as described above. Otherwise, we let Ts preempt Tx and assign Ts to



Algorithm 4 LRE-TL-BC-Event
Require: Each task Tb ∈ HB is executing on processor Tb.proc-id and will cause a B event at

time Tb.key. Each task Tc ∈ HC has positive local execution, is not executing and will cause
a C event at time Tc.key. The current time is tcur and the current TL-plane ends at time tj .

1: while HB.min-key() = tcur do
2: Tb ← HB.extract-min()
3: z ← Tb.proc-id
4: if HC .size()> 0 then
5: Tc ← HC .extract-min()
6: Tc.key ← tj − Tc.key+tcur
7: Tc.proc-id ← z
8: z.task-id ← Tc
9: HB.insert(Tc)

10: else
11: z.task-id ← NULL
12: if HC .size()> 0 then
13: while HC .min-key()= tcur do
14: Tb ← HB.extract-min()
15: Tc ← HC .extract-min()
16: Tb.key← tj − Tb.key+tcur
17: Tc.key← tj − Tc.key+tcur
18: z ← Tb.proc-id
19: Tc.proc-id ← z
20: z.task-id ← Tc
21: HB.insert(Tc)
22: HC .insert(Tb)

LLREF LRE-TL
Running time
Initialize TL-plane O(n) O(n)
A events (per event) NA O(log n)
B&C events (per TL-plane) O(n2) O(n log n)

Table 2. Total run time per TL-plane for the scheduling events when executing LRE-TL
and LLREF.

execute. Because Ts is non-preemptable, it is added to HN instead of HB.

4.5. Run Time Analysis

The running time of LRE-TL depends on what type of event is performed (i.e., Initialization,
A, B or C). Table 2 presents LLREF’s running time per TL-plane for each type of event handler.
When applicable, LLREF’s running time is also presented.

The TL-plane initializer has a loop that iterates O(n) times. During these iterations, the two



LLREF LRE-TL
Other overhead
Number of preemptions O(mn) O(m)
Number of migrations O(mn) O(m)

Table 3. Comparison of preemptions and migrations per TL-plane.

heaps HB and HC are populated. Because we assume the tasks of τ are sorted by their density,
we populate the heaps in sorted order, which can be done in O(n) time. LLREF’s initializer
operates in a similar manner and also has a run time of O(n).

The A event handler initializes the sporadic task parameters, inserts the sporadic task (and
possibly one other task) into one of the task heaps and adds the deadline to the deadline heap.
Because the deadline heap contains the deadline of every task in the B and C heaps, the running
time of the A event handler O(logHD.size()) = O(log n). As LLREF does not handle sporadic
tasks, LRE-TL’s running time for handling sporadic arrivals cannot be compared to LLREF.

The running time of the B and C event handler depends on the number of operative tasks,
which we will denote α. If α > m, the handler moves tasks between the two heaps, which takes
O(logm+ log(α−m)) time. Otherwise, HC is empty and a task is simply removed from HB,
which takes O(logα) time. Each task causes at most one B or C event per TL-plane. Hence,
the total running time within any TL-plane is

m∑
α=1

logα +
n∑

α=m+1

(logm+ log(α−m)) (48)

≤
n∑

α=1

logm+
n∑

α=m+1

log(α−m) (49)

= O(n logm+ (n−m) log(n−m)) (50)
= O(n log n). (51)

By contrast, LLREF needs to identify the xt tasks with the largest local remaining execution
time at every scheduling event. Therefore, the tasks must be sorted at each B or C event. If the
tasks are sorted at the beginning of the TL-plane, the process of re-sorting during a scheduling
event can be done in O(n) time by using the prior sort order. The tasks that execute during
[s, t) all have their local execution reduced by (t − s) and the ones that did not execute all
have unchanged local execution. Thus, it is easy to see that these tasks will maintain the same
relative order at time t. Hence, the proper sorting order for the tasks at time t can be found
by merging these two sets of task in O(n) time. As stated above, there are at most n events
in a TL-plane. Thus, the total time per TL-plane that LLREF spends handling B and C events
is O(n2). Thus, we see that the running time within each TL-plane of LLREF and LRETL is
O(n2) and O(n log n), respectively.

There is one benefit of LRE-TL that is not captured in the discussion of running time –
namely, the reduction in the number of preemptions and migrations. For both LLREF and LRE-
TL, there can be at most O(m) C events. In LRE-TL, each C event causes a single preemption
and a single migration. The A and B events cause no preemptions or migrations. Therefore, the
maximum number of preemptions and migrations per TL-plane is O(m). On the other hand,



LLREF sorts the tasks upon every B or C event. Thus, each event could cause m tasks to be
preempted and each of these tasks might resume execution a different processor. Thus, we can
have O(m) preemptions and migrations per event. Because each task can cause at most one
event, the maximum number of preemptions and migrations within each TL-plane is O(mn).
The numbers of preemptions and migrations per TL-plane for LLREF and LRE-TL are shown
in Table 3.

5. Schedulability Analysis

Using the above analysis, we can find a bound for the maximum scheduling overhead per
TL-plane for LRE-TL schedules of implicit-deadline periodic tasks. We can build this overhead
the into schedulability test given in Equation 2. By our assumption we know that no arrivals
can occur within a TL-plane. Therefore, we can find an upper bound on the number of events
within a TL-plane as follows.
• The initialization procedure executes once.
• The maximum number of C events is nc ≤ (m− 1).
• The maximum number of B events is nb ≤ (n− nc).

B and C events can be processed locally while the other processors continue executing and
initialization impacts all m processors. Also, because C events involve two tasks and invoke a
preemption, they are more costly than B events. Therefore, if CX is the scheduling time required
for procedure X , the maximum scheduling cost within a TL-plane is at most

m · (Cinit + CC) + (n−m) · CB. (52)

Now consider the overheads due to context switches, preemption and migration. If all tasks
run to their full worst-case execution time, then each task Ti will execute for exactly `i,tj−1

time
units during each TL-plane [tj−1, tj). Thus, each TL-plane schedule will be a scaled version of
every other TL-plane schedule. In particular, at most (m−1) tasks will migrate at the beginning
of each TL-plane and at most (m − 1) tasks will migrate within each TL-plane. Similarly, at
most (m − 1) tasks will be loaded twice within a TL-plane and the remaining tasks will be
loaded once. Thus, we can bound these overheads as follows

Ccs · (n+m− 1) + Cpreempt · (m− 1) + 2Cmigr · (m− 1), (53)

where Ccs, Cpreempt and Cmigr are the costs of context switching, preemption and migration,
respectively.

Equations 52 and 53 can be added together to derive the worst case overhead within a TL-
plane. However, this gives a gross over estimate. For periodic task sets with implicit deadlines,
a better approach would be to observe a single TL-plane and use that as a template for all the
TL-planes. For example, in Figure 2 we see that T6 migrates twice — once at the beginning of
the TL-plane and once after it is preempted. All the other tasks execute once without migrating.
Assuming the tasks execute on 4 processors, this gives a total cost of

4 · Cinit + CC + 7 · CB + 9 · Ccs + Cpreempt + 2 · Cmigr. (54)

This is a great savings compared to using Equations 52 and 53, which would give

4 · (Cinit + CC) + 4 · CB + 11 · Ccs + 3 · Cpreempt + 6 · Cmigr. (55)



Further improvements can be developed though careful scheduling. For example, if T6 starts
migrating whenever it stops executing, then the processor will not have to wait when it is ready
to execute the task. This will not interfere with the other tasks because migration can be processed
while all four tasks are executing. This strategy will only work, though, if we know the task’s
migration pattern.

In addition to knowing the overhead per TL-plane, we need to know how many TL-planes can
impact each task. This can be determined in pseudo-polynomial time by calculating the arrivals
and deadlines within a hyperperiod.

For each Ti, we let κi be the maximum number of TL-planes that overlap with any single
job of Ti and let v be the maximum overhead during any individual TL-plane. If we penalize
all tasks by (v/n) within each TL-plane, then for each Ti, the modified utilization would be

u′i = (ei + κi(v/n))/pi, or u′i = ui + (κi/pi)(v/n). (56)

Then τ is LRE-TL schedulable on m processors if

u′max ≤ 1 and U ′(τ) ≤ m, (57)

where u′max and U ′(τ) are the maximum and total values of u′i over all tasks Ti.
The above analysis can be modified to account for periodic tasks with unconstrained deadlines.

If the scheduler prevents interior task arrivals, then the above analysis works without modification.
Otherwise, A events must added onto the determination of v. Handling the overhead for sporadic
tasks is much more challenging because κi is unknown. The worst case estimate would assume
that all tasks arrive as often as possible and no arrivals coincide. This estimation would in all
likelihood grossly overstate the overhead, resulting in a virtually unusable test.

Currently, worst-case execution times are assumed to be negligible or built into the worst case
execution times. Thus, the schedulability tests are either unrealistic or they are overly pessimistic.
The test presented in this section is the first step in trying to find some more useful point between
our two current methods. While it is still quite pessimistic, it does provide some insight into
how schedulability overhead can be separated from the schedulability test.

6. Conclusion

This article presents the LRE-TL scheduling algorithm, a variation of the LLREF scheduling
algorithm that is able to schedule sporadic tasks as well as tasks with unconstrained deadlines.
LRE-TL is optimal for task systems with implicit deadlines. In the process of developing LRE-
TL, some of the underlying TL-plane-based principles behind LLREF are explored in detail. In
particular, LLREF breaks jobs into subjobs that share the same deadlines. When deadlines are all
the same, multiprocessor scheduling algorithms have much more flexibility. LRE-TL is able to
exploit that flexibility in a manner that reduces the algorithm runtime from O(n2) to O(n log n).
Furthermore, LRE-TL reduces the number of preemptions and migrations per TL-plane from
O(mn) to O(m). Finally, we have briefly presented a method of incorporating the scheduling
overhead into a feasibility test. Several tools for improving the efficiency of the scheduling
algorithms and schedulability tests are presented in the development of these results. We plan
to continue in this vein in the future.

Both LLREF and LRE-TL achieve optimality by ensuring all tasks track the fluid schedule at
TL-plane boundaries. We realize that this is an overconstraint. Tasks may still be able to meet



their deadlines even if they diverge from the fluid schedule at some of the TL-plane boundaries.
They only really need to track with the fluid schedule at the TL-plane boundaries that coincide
with their own deadlines. In future, we plan to explore methods of allowing tasks to diverge
from the fluid schedule without causing any deadline misses. Our goal is to further reduce the
number of preemptions and migrations. Such methods would have to be heuristic in nature
because minimizing the number of preemptions and migrations of a periodic or sporadic task
set is an NP-complete problem closely related to the bin packing problem.

We would also like to examine LRE-TL in the uniform multiprocessor context. A uniform
multiprocessor variant of LLREF called PCG has already been developed for implicit-deadline
periodic [10]. We plan to examine if the techniques presented in this article can also apply to
PCG, allowing sporadic tasks with unconstrained deadlines to be scheduled as well. We suspect
that the techniques employed in developing LRE-TL can be applied in a number of useful
contexts.

Finally, the incorporation of overheads into the schedulability test has great potential to
improve schedulability analysis. We would like to explore the the strategy of separating schedu-
lability overhead from the schedulability analysis more fully. Doing so will give us a more
effective way of comparing algorithms than the simple comparison of utilization bounds.
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