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Dimensionality Reduction

7 D=2
ld=1

* Assumption: Data lies on or near a low
d-dimensional subspace

* Axes of this subspace are effective
representation of the data
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Rank of a Matrix

* Q: What is rank of a matrix A?
* A: Number of linearly independent columns of A

* For example:

— Matrix A = [1 2 1l has rank r=2

-2 -3 1
3 5 0

* Why7 The first two rows are linearly independent, so the rank is at
least 2, but all three rows are linearly dependent (the first is equal to
the sum of the second and third) so the rank must be less than 3.

 Why do we care about low rank?

— We can write A as two “basis” vectors: [1 2 1]
[-2 -3 1]

— And new coordinates of: [1 0] [0 1] [1 1]

J. Leskovec, A. Rajaraman, J. Ullman: ining
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Rank is “Dimensionality”

* Cloud of points 3D space: e
— Think of point positions \ st g o
as a matrix: 350 Bbe g Teto &2

N
AT
N

1 2 1|A
-2 -3 1|B
Trowperpoint: | 3 5 0|C

+ We can rewrite coordinates more ef&t ehtly d
— 0Old basis vectors: [100][010][00 1]
— New basis vectors: [12 1] [-2-3 1]

— Then A has new coordinates: [1 0]. B: [0 1], C:
[11]

* Notice: We reduced the number of coordinates!

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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Dimensionality Reduction

* Goal of dimensionality reduction is to
discover the axis of datal

Rather than representing
every point with 2 coordinates
we represent each point with

1 coordinate (corresponding to
the position of the point on

the red line).

By doing this we incur a bit of
error as the points do not
exactly lie on the line

D=2
d=1

f=esleoveede=Raataman, |. Ullman: Mining
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Why Reduce Dimensions?

Why reduce dimensions?

* Discover hidden correlations/topics
—Words that occur commonly together

* Remove redundant and noisy features
—Not all words are useful

* Interpretation and visualization

» Easier storage and processing of

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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SVD - Definition

A[mxn] — U[mxr] 2. [ rxr] (V[nxr])T

* A:Input data matrix

— m x n matrix (e.g.,, m documents, n terms)
* U: Left singular vectors

— m X rmatrix (m documents, rconcepts)
* 2:Singular values

— rx rdiagonal matrix (strength of each
‘concept)
(r:rank of the matrix A)

* V: Right singular vectors
— n X rmatrix (n terms, r concepts)

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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SVD
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SVD

A~UXV! =53 o;u; 0V,

o v, o,U,Vv,

G. ... scalar

1

Ui eooo VeCtor
V: ... vector
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SVD - Properties

[t is always possible to decompose a real
matrix Ainto A =UZX V', where
U 2, V:unique
U V: column orthonormal
—UT'U=1I; VI V=I (I identity matrix)
— (Columns are orthogonal unit vectors)
e 2: diagonal
— Entries (singular values) are positive,
and sorted in decreasing order (6, =06, = ... =

0)

Nice proof of uniqueness: http://www.mpi-inf.mpg.de/~bast/ir-seminar-ws04/lecture2.pdf
J. Leskovec, A. Rajaraman, J. Ullman: Mining
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SVD - Example: Users-to-Movies

» A=UZ V'-example: Users to Movies

TIIIOO
(
SciFi33300
. 4 4 400
5550 0| m
T02044
RomancaOOOSS \
v L1022 U

“Concepts”
AKA Latent dimensions
AKA Latent factors

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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SVD - Example: Users-to-Movies

« A=UZV"-example: Users to Movies

SciFi

Romnce

o o & i & L = | Matrix

— O N N A W = Alien

S O O W K W = Serenity

N A O O © © Casablanca

N 0N kOO OO Amelie

0.13 0.02
0.41 0.07
0.55 0.09
0.68 0.11
0.15 -0.59
0.07 -0.73

0.07 -0.29
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SVD - Example: Users-to-Movies

« A=UZV"-example: Users to Movies

o > g o SciFi-concept
5 g '5 S ? Romance-concept
>3 80 < _
T 111 0 0| [0.13 0.02 -0.01
< [3 330 0] |041 007 -0.03 _
. 4 4 4 0 0| [0.55 0.09 -0.04 124 0 0
5550 0[=|l0.68 0.11 -0.05] x |0 950 X
T 020 4 4| [0.15-0.59 0.65 0 0 13
remned 00 0 5 5| 10.07 -0.73 -0.67
\ o1 o2 2] [007-029 032

0.56 0.59 0.56 0.09 0.09
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SVD - Example: Users-to-Movies

e A=USVT- examp]e: U is ““‘user-to-concept’

3 similarity matrix
é c g ?; % SciFi-concept Romance-concept
2388 < an
T 11100 0.02 0.01
< [3 330 0] |04T 007 -0.03 _
4 4 4 0 0| |0.55 0.09 -0.04 1240 0
15 550 0l=o068 0.11 005] x |0 950 | x
T 020 4 4| [0.15-0.59 0.65 0 0 13
remned 00 0 5 5| 10.07 -0.73 -0.67
\ o1 o2 2] [007-029 032

0.56 0.59 0.56 0.09 0.09
0.12 -0.02 0.12 -0.69 -0.69
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SVD - Example: Users-to-Movies
« A=UZ V' - example:

'g c E i; % SciFi-concept
DI S < 1 _ “strength” of the SciFi-concept
T 111 0 o] [0.13 0.02 -0.01 /
3330 0| |0o.41 0.07 -0.03
SciFi (
1" 4 440 0| 055 0.09 -0.04 @' 0
5550 0[=|l0.68 0.11 -0.05] x |0 950 X
T 020 4 4| |0.15 -0.59 0.65 0 0 13
rerncd 0 0 0 5 5] [0.07 -0.73 -0.67
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SVD - Example: Users-to-Movies

« A=UZ V' - example:

S s Vis “movie-to-concept
55§ E 2 SciFi-concept similarity matrix
22380 < | )

T 1.1 0 o] [013 0.02 -0.01

o ;\V\\é\\g 0.41 0.07 -0.03 _
4 4 4 ~40.55 0.09 -0.04 124 0 0

" 555 0 0= x [0 950 X

T 02044 0 0 13

Romnce 000535

v o102 2

v 1

| 0.56) 0.59 0.56 0.09 0.09
SciFi-concept 012 -0.02 0.12 -0.69 -0.69
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SVD - Interpretation #1

‘movies’, ‘users’ and ‘concepts’:
* U: user-to-concept similarity matrix

* V- movie-to-concept similarity matrix

« 2 its diagonal elements:
‘strength’ of each concept

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org



SVD - Interpretation #2

More details
How exactly is dim. reduction done?
* A: Set smallest singular values to zero

Icc o & L =

— O N Ul A W -

SO O U A W

N O OO O O

N 0 kOO OO
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SVD - Interpretation #2

More details
How exactly is dim. reduction done?
* A: Set smallest singular values to zero

Icc o & L =

— O N Ul A W -

SO O U A W

N O OO O O

N 0 kOO OO

U

0.13
0.41
0.55

0.15
0.07

0.07

0.68 0.11 -0.05

0.02 -0.01
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SVD - Interpretation #2

More details
How exactly is dim. reduction done?
* A: Set smallest singular values to zero

1110 o] [0.13 0.02 -0.0

3330 0| 041 0.07 - _ _

4 4 4 0 0| 10.55 0.09 -0\04 124 0 0

5550 0068 011 -005|x |0 950 X
020 4 4| [0.15-0.59 0/65 o 0 \)<3_

0005 5| [0.07-0.73 -0. _
010 2 21 loo7 -0.29 0.56 0.59 0.56 0.09 0.09
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SVD - Interpretation #2

More details

Icc o & L =

— O N Ul A W -

How exactly is dim. reduction done?
* A: Set smallest singular values to zero

SO O U A W

N O OO O O

N 0 kOO OO

U

0.13 0.02
0.41 0.07
0.55 0.09
0.68 0.11
0.15 -0.59
0.07 -0.73

0.07 -0.29

12.4 0
x [0 95

J. Leskovec, A. Rajaraman, J. Ullmah: Mining
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SVD - Interpretation #2

More details
How exactly is dim. reduction done?

A: Set smallest singular values to zero
1100 0.92 0.95 0.92 0.01 0.01
3300 2.91 3.01 2.91 -0.01 -0.01
4400 3.90 4.04 3.90 0.01 0.01
550 0 = |482500 482 0.03 0.03
204 4 0.70 0.53 0.70 4.11 4.11
0055 -0.69 1.34 -0.69 4.78 4.78
102 2 | 0.32 0.23 0.32 2.01 2.01

Icc o & o mle

Frobenius norm:
2
Ml = vz, M, IABl =V Z; (Ay-By)

1 J. Leskovec, A. Rajaraman, J. Ullman: Mining 2
of Massive Datasets, http://www.mmds.org



SVD - Best Low Rank Approx.

Sigma

A U

VT

B is best approximation of A

S —

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org



SVD - Interpretation #2

Equivalent:
‘spectral decomposition’ of the matrix:

SO O U W -
— O N UL A W -
SO O U W -
N 0N R OO OO
I D b O O O O

c

5

Q

N

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org
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SVD - Interpretation #2

Equivalent:
‘spectral decomposition’ of the matrix
“— m —_—
_1 1 10 6 k terms
3330 0]
44400~ @ /lJl Y\Tl t 6, u V4,
555 00 nx| Ixm
0204 4 Assume:c,=206,=206;=..20
0 005 S : : :
010 2 2 Why is setting small ¢, to 0 the right
_ - thing to do?
Vectors u; and v, are unit length, so o;
scales them.

So, zeroing small o; introduces less error.

J. Leskovec, A. Rajaraman, J. Ullman: Mining

of Massive Datasets, http://www.mmds.org 25



SVD - Interpretation #2

Q: How many os to keep?

Rule-of-a thumb:
keep 80-90% of ‘energy’

4—

IOOOUI-BMH‘

— O N UL A W -

m

SO O U W -

—_—

N 0N R OO OO

INUI-BOOOCD,

— T T
6, u v, + o, u, v, 4,

Assume: 6, =20, =06;= ...

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org
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Computing SVD

(especially in a MapReduce setting...)
1. Stochastic Gradient Descent (today)
2. Stochastic SVD (not today)

3. Other methods (not today)



KDD 201 |

Large-Scale Matrix Factorization
with Distributed Stochastic Gradient Descent

Rainer Gemulla

talk pilfered from =

Peter J. Haas Yannis Sismanis  Erik Nijkamp




Matrix completion for image denoising




Matrix factorization as SGD

require that the loss can be written as

Z l(V??ja Wix, H*j)
(i,7)€Z

Algorithm 1 SGD for Matrix Factorization

Require: A training set Z, initial values W and H
while not converged do {step}
Select a training point (z j) € Z uniformly at random.

Wi, < Wi — anaW” {(Vij, Wix, H.j)

H,j < H,j — E'nNc’iH,.‘J Z(V'b.?’ Wis, H.;)
W?;* — W;*
end while step size




Stochastic Gradient Descent

>
>
>
>
>

Find minimum 6* of function L
Pick a starting point 6y
Approximate gradient Z’(Qo)
Jump “approximately” downbhill

Stochastic difference equation
Ons1 = On — enl'(6))

Under certain conditions,
asymptotically approximates
(continuous) gradient descent

[ | | | I
-1.0 -0.5 0.0 0.5 1.0

stepfun(px, py)




Matrix factorization as SGD - why does

this work?
require that the loss can be written as

Z l(V??J" Wix, H*j)
(i,7)€Z

Algorithm 1 SGD for Matrix Factorization

Require: A training set Z, initial values W and H
while not converged do {step}
Select a training pomt (z j) € Z uniformly at random.

Wi, + Wi — Nawz* [(Vijs Wix, Hyj)
H.j < H.j — €n 6H*jl(VzJaWz*’H*J)
W?;* «— W;*

end while step size




Matrix factorization as SGD - why does
this work? Here’s the key claim:

require that the loss can be written as

L= Y UV, Wi, H.)

(.,5)€Z
H
ik
I
L 8 0 if i £ i
Li'(W,H): .
: : OW i {apgikl(vijng*,H*j) otherwise
I $
VVI* e Vy
N 0 0 if j # J'
——L;(W,H) =
OH jr 5 H) {%I(Vﬁ,wit,flq) otherwise




Checking the claim

0 0 0
L(W H) W. Z 2.’I(W?' *9H*J) = Z 8W z](Wz*,H*])
Y (i, )ez J€Z;,

where Z;. = {j: (i,7) € Z }.

where Z.; = {i: (4,7) € Z }.

Think for SGD for logistic regression
* LR loss = compare y and y = dot(w,x)
* similar but now update w (user weights) and x (movie weight)




Stochastic Gradient Descent on Netflix Data

€o © LBFGS
° A SGD
=1 | + ALS
‘|
|
% ALS = alternating least squares
2 B OOQbOO
2 | o
S || %
s o
g — | OO
< |
S i %
o0 \\
=T EVARE
g
o
! | | | ! | |
0 10 20 30 40 50



Averaging Techniques

» SGD steps depend on each other
Ot = 0n — €l (6,)
How to distribute?

» Parameter mixing (MSGD)

» Map: Run independent instances of SGD on subsets of the
data (until convergence)
» Reduce: Average results



Averaging Techniques

Mean Loss

1i0 1.2 1.4

0.8

0.6

8o o LBFGS
O A SGD
+ ALS
x  MSGD

: : .\")60000000000000000000000000000000000000000000000000000000
% .0..

| R




Averaging Techniques

» SGD steps depend on each other
Oni1 = On — €l (6,)

How to distribute?

» Parameter mixing (MSGD)

» Map: Run independent instances of SGD on subsets of the

data (until convergence)
» Reduce: Average results

» Does not converge to correct solution!

» |terative Parameter mixing (ISGD)

Similar to McDonnell et al
with perceptron learning

» Map: Run independent instances of SGD on subsets of the

data (for some time)
» Reduce: Average results
» Repeat




Averaging Techniques

% o LBFGS
e A SGD
4 | + ALS
~ | X  MSGD
| ISGD
e
al B
I| OOO
g | S
S ' o)
g — [‘ On
) 1
= + Slow convergence.....

0.8
]
>
+/

0.6




Problem Structure

» SGD steps depend on each other
Oni1 = 0n — €l (6,)

» An SGD step on example z € Z . ..
1. Reads W, , and H,j,
2. Performs gradient computation Lf-j(W,-z*, H.;.)
3. Updates W, , and H,;,

» Not all steps are dependent

H
" H
H.; |
*_I H*J H*_I
T
“iz ] L L
e |n+| i i i __:__:_ Zn+1
I
w —{- _
W, IRES w W, Zn|  Ent W W., 1z,
4 %




Interchangeability

» Two elements z1, zp € Z are interchangeable if they share
neither row nor column

: : £n+1

V

» When z, and z,.1 are interchangeable, the SGD steps

Onto = 05 — Ez,(ena Zn) — EZ’(ff)n—kla Zn+1)

— Hn — EZ/(ena Zn) — 62’(9,7, Zn+1)a

become parallelizable!



Exploitation

» Block and distribute the input matrix V

» High-level approach (Map only)
1. Pick a “diagonal”

2. Run SGD on the diagonal (in parallel)

3. Merge the results
4. Move on to next “diagonal”

» Steps 1-3 form a cycle

» Step 2:
Simulate sequential SGD

» |nterchangeable blocks
» Throw dice of how

many iterations per block
» Throw dice of which

step sizes per block

» |nstance of “stratified SGD”

» Provably correct

H>

H;

1AL
LA )

Vio

Vs

Node 1

Node 2

Node 3
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Figure 2: Example of stratified SGD
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More detalil....

 Randomly permute rows/cols of matrix

* Chop V,W,H into blocks of size d x d
—m/dblocks in W, n/dblocks in H

* Group the data:

— Pick a set of blocks with no overlapping rows
or columns (a stratum)

— Repeat until all blocks in V are covered
* Train the SGD
— Process strata in series
— Process blocks within a stratum in parallel



More detalil....

Algorithm 2 DSGD for Matrix Factorization

Require: Z, W, H, cluster size d
qui 0, H o, cluster size 7 was V

W+« Wy

H+ H,
Block Z /W / H intod x d/d x 1/1 x d blocks

while not converged do /* epoch */
Pick step size €
fors=1,...,ddo /*subepoch */
Pick d blocks {ZY,. .., Z%4} to form a stratum
forb=1,...,ddo /*in parallel */
Run SGD on the training points in Z%® (step size = )
end for

end for
end while




_ 1 2 ... d
More detalil.... (28 . 1)
* Initialize W,H randomly ST
— not at zero © \d 1 - d—1/
* Choose arandom ordering (random sort) of the points
in a stratum in each “sub-epoch”

* Pick strata sequence by permuting rows and columns
of M, and using M'[k,i] as column index of row i in
subepoch k

* Use “bold driver” to set step size:
— increase step size when loss decreases (in an epoch)
— decrease step size when loss increases

* Implemented in Hadoop and R/Snowfall
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Loss (millions)

200 250

1@

DSGD

OX+Do

v
A 56D
\ i —
| ""'
\ P
[l&)’?’?
'?’21*,? >
XD
\ s‘«‘o"ﬁ,\,"‘ ~
L !'\':"“'.O‘o‘o' P
o s,
OGAX ‘0.0‘0:0:0:.:.:.:.:.:.:’I.l.-.'.v.- DOOSOOOO
| OO0 .'.’o‘.’s‘g'.’s’-‘:’:.:':':.:’:'>

Wall clock time (hours)
(b) Netflix, L2, A = 50



Loss (millions)
100 120 140 160 180 200

80
|

DSGD
ALS
LBFGS
PSGD
ISGD

OX+ Do

SO SOSSNISOSSARIROOOOOONOO

OO0

b o .0.'.000.0‘0.0.a’-.o:o'o'o’-’-'o’o'o:o,
H

WO

Wall clock time (hours)
(c) Netflix, NZL2, A = 0.05



Loss (billions)

100 1000 10000

10

-4 X
% TXX X XXX XXXX X=X X

P—B—A— A A A A—A—A

o DSGD
A ALS
X PSGD

llllllllllllll

Wall clock time (hours)
(d) Synthetic data, L2, A = 0.1




Wall clock time per epoch (seconds)
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Wall clock time per epoch (seconds)

Hadoop scalability

-
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(b) Increasing cores (Hadoop, 6.4B entries)




SVD - Conclusions so far

A= U X V": unique
—U: user-to-concept similarities
—V: movie-to-concept similarities
—2X : strength of each concept

* Dimensionality reduction:
—keep the few largest singular values
(80-90% of ‘energy’)
—SVD: picks up linear correlations

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org
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Relation to Eigen-decomposition

* SVD gives us:
—A=UXV!
* Eigen-decomposition:
—A=XAX"
* Ais symmetric
* U, V, Xare orthonormal (UTU=I),
* A, 2 are diagonal

AAT =uxviozvhH! =uzvt vt = usst Ut
AtA=vtutwsvh) =vextv?

J. Leskovec, A. Rajaraman, J. Ullman: Mining

of Massive Datasets, http://www.mmds.org >4



Relation to Eigen-decomposition

* SVD gives us:

—A=UZVT
Shows how to compute
* Eigen-decomposition: SVD using eigenvalue
decomposition!
—-A=XAXT
* Ais symmetric ﬂ
* U, V, Xare orthonormal (UTU=I),
* A, X2 are diagonal X A2 XT
v vV

AAT =uxviozvhH! =uzvt vt = usst Ut
AT A = VETUT(UEVT) VZZTVT
X MmM 2



SVD: Drawbacks

+ Optimal low-rank approximation
in terms of Frobenius norm

- Interpretability problem:

— A singular vector specifies a linear
combination of all input columns or rows

- Lack of sparsity:

—Singular vectors are dense!
o o fol (RN VT
o o 2
L —_
o U
L
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Frobenius norm:

CUR Decomposition Xl =V 2y X7

* Goal: Express A as a product of matrices C,U,R
Make IA-C-U-Rl; small

 “Constraints” on C and R:

( \ )
\ )\ /
A C U R
J. Leskovec, A. Rajaraman, J. Ullman: Mining
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Frobenius norm:
CUR Decomposition Xl =V 2y X7

* Goal: Express A as a product of matrices C,U,R

Make IA-C-U-Rl; small
e “Constraints” on C and R:

Y o)

— || 1=

/ Pseudo-inverse of
the intersection of C and R

(

A C U R

J. Leskovec, A. Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org
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CUR: Provably good approx. to SVD

* Let:
A, be the “best” rank kapproximation
to A (thatis, A, is SVD of A)

Theorem |Drineas et al.|

CUR in O(m-n) time achieves
—IA-CURI; < 1A-A,l; + €lAll;
with probability at least 1-9, by picking

columns, and

rows In practice:
Pick 4k cols/rows

59
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CUR: How it Works
» Sampling columns (similarly for rows):

Input: matrix A € R"*", sample size ¢
Output: C,; € R"*¢

l.forz =1:n [column distribution]

2. P(x) = ZiA(’i:x)Q/ ZZJ A(i.j)?
3.fore =1:c¢  [sample columns]
4. Pickjel:n based on dlstrlbutlon P(x)

5. Compute Cy(:,7 7)/\/cP(7)

Note this is a randomized algorithm, same

column can be sampled more than once

J. Leskovec, A. Rajaraman, J. Ullman: Mining 60
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Computing U

* Let W be the “intersection” of sampled
columns C and rows R

—Let SVD of W=XZY!

* ThentU=W+=YZ* X!
—Z7: reciprocals of non-zero
singular values: Z*, =1/ Z,

— W is the “pseudoinverse” w=xzYthenw'=x"'z"

4

R

™\

U W
skovec, A”Rajaraman, J. Ullman: Mining
of Massive Datasets, http://www.mmds.org

Why pseudoinverse works?

Y-1

Due to orthonomality

X-1=XT and Y-1=YT

Since Z is diagonal Z1 = 1/Z,
Thus, if W is nonsingular,
pseudoinverse is the true

inverse "



CUR: Pros & Cons

+ Easy interpretation

e Since the basis vectors are actual
columns and rows

+ Sparse basis Actual column

Singular vector

e Since the basis vectors are actual
columns and rows

- Duplicate columns and rows

e Columns of large norms will be sampled
many times

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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Solution

 If we want to get rid of the duplicates:

—Throw them away

—Scale (multiply) the columns/rows by the
square root of the number of duplicates

|

=)

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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Construct a
small U
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SVD vs. CUR

sparse and small

1
SVD: A=U3 VT
/ \ (jense

Huge but sparse  Big and

dense})ut small

CUR: A=CUR
yd \ [

Huge but sparse  Big but sparse

J. Leskovec, A. Rajaraman, J. Ullman: Mining
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Stochastic SVD

* “Randomized methods for computing low-
rank approximations of matrices”, Nathan

Halko 2012

* “Finding Structure with Randomness:
Probabilistic Algorithms for Constructing
Approximate Matrix Decompositions”, Halko,
Martinsson, and Tropp, 2011

* “An Algorithm for the Principal Component

Analysis of Large Data Sets”, Halko,
Martinsson, Shkolnisky, and Tygert, 2010



