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Abstract--In
this paper we show how the use of qualitative
features can enhance the performance
of
recognition
and localization
techniques,
in particular,
the Generalized
Hough Transform.
Qualitative
features (i.e. scene features with qualitative attributes assigned to them) are shown to be effective in pruning
the search space of possible scene interpretations
and also reducing the number of spurious interpretations
explored by the recognition
and localization
technique. The redundancy
of the computed transform and
the probability
of spurious peaks of signilicant magnitude due to random accumulation
of evidence are two
criteria by which the performance
of the Generalized
Hough Transform
is judged. The straightforward
Generalized
Hough Transform
shows a high probability
of spurious peaks of significant magnitude even
for small values of redundancy
and small magnitude of the search space of scene interpretations.
The use

of qualitative features enables us to come up with a weighted Generalized Hough Transform where each
match of a scene feature with a model feature is assigned a weight based on the qualitative attributes
assigned to the scene feature. These weights could be looked upon as membership
function values for the
fuzzy sets defined by these qualitative attributes. Analytic expressions for the probability
of accumulation
of random events within a bucket are derived for the weighted Generalized Hough Transform and compared
with the corresponding
expression for the straightforward
Generalized
Hough Transform.
The weighted
Generalized
Hough Transform
is shown to perform better than the straightforward
Generalized
Hough
Transform.
An experiment for the recognition
of polyhedral objects from range images is described using
dihedral junctions as features for matching and pose computation.
The experimental
results bring out the
advantages
of the weighted Generalized
Hough Transform
over the straightforward
Generalized
Hough
Transform.
Object

recognition

Generalized

Hough

1. INTRODUCTION

which attempts
to arrive at a
Marr’s paradigm”’
computational
theory of computer vision has dominated computer
vision research for over a decade.
Marr’s paradigm for computer vision can be summarized by the block diagram in Fig. 1. Each of the blocks
within the block diagram represents a distinct sub-area
of research. In spite of the several advances made in
each of these sub-areas, the present state-of-the-art
vision systems are far from emulating the capabilities
of human vision, both in terms of speed and robustness.
One of the reasons cited by psychologists and sesearchers in computer vision is that human vision for the
most part aims at a qualitative interpretation
of a scene
rather than relying on precise quantitative measurements. The importance of studying qualitative properties of the underlying scene has been brought out in
recent studies in low-level computer vision. The role
of qualitative Gestalt properties in perceptual grouping has been studied by Lowe(Z’ and Walters.(3’ It has
been shown that the grouping of intensity discontinuities based on the qualitative
Gestalt properties
of
proximity, continuity, parallelism, smoothness, simplicity, containment,
etc. serve as excellent criteria for the
initial segmentation
of the image and also as indexing
Pll 25:9-G
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criteria for recognition of objects in the image. These
Gestalt properties could also be used to group primitive
patterns called textons for texture-based
segmentation
as shown by Julesz and Bergen.(4) Qualitative
description of three-dimensional
(3D) shape has been
considered by Guzman,‘@ Huffman-Clowes,“’
Waltz”’
and more recently by Malik.“) The works of Guzman,
Huffman andwaltz
deal with the junction labeling of
trihedral solids whereas Malik deals with the labeling
of junctions of curved solids. The qualitative information conveyed by junctions and boundaries is used in
shape-from-XYZ
algorithms in many ways. Horn’s
shape-from-shading
algorithm(lO~“)
and Witkin’s
shape-from-texture
algorithm”*’
use the occluding
boundary
as a boundary
condition.
Shape-fromstereo” 3, uses the presence of intensity discontinuities
as a means of limiting the search for correspondence.
Ma1ik(14) in his recent work uses the shape-fromshading algorithm in conjunction
with the labeling
algorithm to come up with a quantitative description
of shape. Verri and Poggio(‘5) have shown how smoothed optical flow and the motion field can be interpreted
as vector fields tangent to the flows of planar dynamical systems. Using the theory of structural stability of
dynamical systems, they show how stable qualitative
properties of the motion tieid can be obtained from the
987
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Fig. 1. Marr’s paradigm

for 3D object recognition.

flow. These stable qualitative properties of the
motion field are shown to give useful information
about the 3D velocity field and the 3D structure of the
scene. Weinshall”@ has shown how qualitative depth
information can be obtained from stereo disparities
with almost no computation. The algorithm presented
by Weinshall orders the matched points in a depthconsistent fashion from image coordinates only and
yields results which are in accordance with psychological evidence. Levitt and Lawton’17’ and Kuipers
and Byun” s) present qualitative models of map representation for mobile robots based on landmarks and
topological inter-relationships
between landmarks.
Qualitative models are shown to be more robust than
their metrically accurate counterparts since the latter
are prone to multiplicative accumulation of error.
Given the robustness of biological vision systems
over computer vision systems, it could be possibly
argued that one should attempt to arrive at an entirely
qualitative model for human vision. That problem,
however, lies beyond the scope of this paper. In this
paper we attempt to show how the use of qualitative
scene features can reduce the combinatorial complexity
and improve the robustness of object recognition and
localization techniques especially in multiple-object
optical

scenes with partial occlusion. In particular, we analyze
the Generalized Hough Transform which is a popular
technique for object recognition and localization.
Recognition and localization of 2D or 3D objects in
a scene given prestored object models is a central
problem of both theoretical and practical interest in
computer vision research. The process of recognition
establishes the identity of an object in the scene as
being an instance of a prestored object model. The
localization process determines the orientation of the
object in the scene. Localization is achieved by computing the geometric transformation from the model
coordinate frame of reference to the scene coordinate
frame of reference which places the object model in
registration with the object in the scene.
Recognition-via-localization is a popular paradigm
in model-based object recognition. This paradigm is
based on the propagation and satisfaction of local
constraints arising from matches of local geometric
features. A set of locally consistent constraints is
termed as a scene interpretation. The Generalized
Hough Transform and Interpretation Tree search are
two popular techniques for constraint propagation
and satisfaction which are commonly used in object
recognition via localization. The Interpretation Tree
search”9-21) matches a scene feature with a model
feature at every stage in the recognition/localization
process. Local geometric constraints such as pairwise
angle and distance measurements between features are
used to discard inconsistent matches. Each subset of
consistent matches can be represented by a path in the
Interpretation Tree. The local geometrical constraints
are used to prune paths in the Interpretation Tree
thereby avoiding having to explore the entire Interpretation Tree explicitly. The control structure of the
Interpretation Tree search is that of hypothesizeyandtest with backtracking. The Generalized Hough Transform(22-27) matches each scene feature to each possible
model feature. The matches are constrained by local
angle and distance measurements. Each match enables
one to compute a geometric transform which can be
represented as a point in the Hough (parameter) space.
For 3D objects with six degrees of freedom the Hough
space is 6D--three translations, one along each of the
coordinate axes and three rotations, one about each of
the coordinate axes. For 2D objects with three degrees
of freedom the Hough space is 3D--two translations,
one along each of the coordinate axes and one rotation
about the normal to the plane defined by the two coordinate axes.
Both, the Interpretation Tree search and the Generalized Hough Transform work well in single-object scenes.
Multiple-object scenes however, lead to a combinatorial explosion in the magnitude of the search space
of possible scene interpretations and generation of
several spurious scene hypotheses. This leads to increased computational complexity for the recognition
and localization process as well as errors in object
identification and localization. The combinatorial
complexity of object recognition and localization in
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single- and multiple-object scenes using the Interpretation Tree search technique has been investigated by
Grimson.‘28*2g’ A set of constraints for sparse sensory
data that are applicable to a wide variety of sensors
are derived and their characteristics examined. Formal
bounds on the combinatorial complexity of the Interpretation tree search for single- and multiple-object
scenes are derived. It has been shown that the singleobject scene results in quadratic complexity in the
number of model and sensory features for the Interpretation Tree search process whereas in the case
of multiple-object scenes with partial occlusion the
complexity is exponential. The performance of the
Generalized Hough Transform for object recognition
in the presence of occlusion and clutter has been
studied by Grimson and Huttenlocher.‘30) Bounds on
the set of transformations consistent with each pairing
of the scene and model features in the presence of noise
and occlusion in the image have been presented. The
bounds on the likelihood of false peaks in the parameter
space as a function of noise, occlusion and tessellation
effects have also been computed. It has been shown
how the probability of false peaks can be very high for
recognition in complex scenes.
In this paper we extend the analysis of the Generalized
Hough Transform by Grimson and Hutten10cher(30)
in two ways:
(1) We show how the use of qualitative features,
i.e. scene features with qualitative attributes assigned
to them, can greatly reduce the combinatorial complexity of a scene interpretation problem by reducing
the space of possible scene interpretations.
(2) We show how these qualitative attributes can be
used to come up with a weighted Generalized Hough
Transform where the weights can be interpreted as
membership function values for the fuzzy sets defined
by these qualitative attributes. We show that the
weighted Generalized Hough Transform performs
better than the straightforward Generalized Hough
Transform for object recognition in multiple-object
scenes with partial o’cclusion.
This paper is organized as follows:
(1) A brief description of the Generalized Hough
Transform and a synopsis of the analysis of its performance in the presence of sensor error and occlusion
as studied by Grimson and Huttenlocher””
is presented.
(2) The use of qualitative features and their effectiveness in reducing the combinatorial complexity of a
scene interpretation problem is presented. The use of
qualitative features is shown to lead to the weighted
Generalized Hough Transform whose performance is
analyzed and compared with that of the straightforward Generalized Hough Transform. It is shown
that the weighted Generalized Hough Transform
performs better than the straightforward Generalized
Hough Transform for object recognition in multipleobject scenes with partial occlusion.
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(3) An experiment for the recognition and localization of 3D polyhedral objects from range images is
presented. Experimental results using the weighted
Generalized Hough Transform and the straightforward
Generalized Hough Transform are presented.
2. THE GENERALIZED

HOUGH TRANSFORM

In this section we present a brief description of the
Generalized Hough Transform and a synopsis of the
analysis of its performance in the presence of sensor
error and occlusion as studied by Grimson and
Huttenlocher.“‘) The interested reader could refer to
reference (30) for the details regarding the derivations
of the results.
The Generalized Hough Transform finds possible
solutions to the object pose problem by searching for
large clusters of evidence in a discrete version of a
parameter space. Let _& be the mode1 coordinate
frame of reference, Y the scene coordinate frame of
reference, 9 the n-dimensional parameter space of the
geometric transformation that places the model feature
in registration with the scene feature to which it is
matched and S the n-dimensional discrete Hough
space (Hough accumulator) which is the result of
quantization of each dimension of the n-dimensional
parameter space 9. ti could be looked upon as an
n-dimensional array of cells or buckets. In order to
simplify the analysis the model features and the scene
features are assumed to be linear segments.
2.1. The Generalized Hough Transform in the absence
of occlusion and sensor error
In Fig. 2 we show a model feature AB being matched
to a scene feature CD.

Let MJ be the vector to the midpoint of model edge
AB measured in &; T, the unit tangent to the mode1
edge AB measured in Jt; L, the length of the mode1
edge AB; mj the vector to the midpoint of scene edge
CD measured in 9; jj the unit tangent to the scene
edge CD measured in 9’; and lj the length of the scene
edge CD. The transformation from JX to Y is represented by
v, = R,,V,

+ V,

(1)

where V, is a vector in JY; R, the rotation matrix
corresponding to angle 0; V, a translation offset; and
v, the resultant vector in Y. If L, = Ij then in the
absence of any uncertainty due to sensor error or
occlusion
8, = e,, = cos- 1(f,.fj)

(2)

V, = (VOX,V,,) = mj - Mj.

(3)

The transform is thus uniquely determined by the
3-tuple (VOX,vooy,6) and represents a point p in 9. In
the Hough accumulator 2 the point p is represented
by incrementing the appropriate bucket in S by 1. The
point p is thus deemed to have cast its vote in the
appropriate Hough bucket. Detecting a globally con-
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Fig. 2. Matching a model feature to a scene feature.

sistent pose for a rigid object model is therefore
tantamount to determining a cluster in 8. In &’ which
is the discretized version of 8, it amounts to finding a
bucket with the maximum number of votes. In the
presence of occlusion and sensor error, the Generalized
Hough Transform suffers from the following problems:
(1) The match of a scene feature with a model
feature specifies a range of transformations rather than
a single transformation. This is referred to as smearing
of the transform.
(2) More than one Hough bucket will be specified
due to the smearing of the transform. This is referred
to as fragmentation of the transform in B into more
than one bucket in &‘“.
(3) Due to the fragmentation of the computed
transform values, model-image pairings are likely to
fall into the same Hough bucket at random. This could
lead to spurious maxima (peaks) in &‘.
2.2. The Generalized Hough Transform in presence of
occlusion and sensor error

The model edge in Fig. 2 is specified by the set of
points

If the scene edge is occluded then lj I L,. Occlusion
causes the translational component of the transform
to be underdetermined. The set of consistent translations is given by
L,-1,
mj - Rs,,,M, + CIR~,?J(QE - 2

L,-1,
’ 2

I>

within ap of that line. This expansion of a line into a
region must be repeated for each value of 0 in the range
[0, - sp, 0,,,+ E,]. This results in a skewed volume in
Hough or transform space.
The set of feasible transformations is denoted by the
volume

W,J)=

tJ

S&i, J)

S(&j, J) for a

where an individual set of translations
given value of 0 is denoted by
W,j, J) =

(4)

eEtem-Ea09m+E~l

(&VO)13~,14 I-,

L,_lj

2

(mj_R,M,+~?~-V9l<s,

.

(5)

1
The volume of the region defined in (4) is given by
V(j, J) = 2&,[2sp(L, - 1,) +

ns~]
.

(6)

If the dimensions of the Hough buckets are he along
the rotational axis and h, along each of the translational axes and if L?(e,j,J) denotes the set of buckets
that intersects the slice S(e,j, J) at 0 = 0,, then the
entire set of buckets which the volume V(j, J) intersects
is given by
0.,,.; +h@,
B(e7jYJ).
If the Hough array is decomposed into two arraysone for the rotation and the other for translation then
the total numbers of buckets in &’ that intersect the
volume V(j, J) is given by
rA*(h&&;,M*,L*,p)1

(7)

which is a line in parameter space. If the endpoints of
the data edge are known to within a circular region of
radius .spthen the angular uncertainty a, in the orientation of the scene edge is given by
.s.=tan-’

(J(l?k:))

as shown in Fig. 3.
The line of consistent translations therefore must be
expanded to include any points in the parameter space

Fig. 3. The angular uncertainty resulting from positional
uncertainty.
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ment with occupancy numbers rI, r2,. . , r, is given by

where

P(r1,r2,...,r,)=

EP*Z-

r!
r,!r,! . ..r.!

n-’

(9)

which is the classical Maxwell-Boltzmann statistics.‘3’*32’
The probability p(k) that a given cell contains exactly
k events is given by the binomial distribution

&P

h,

/*=k
M*=M

The probability that a given cell will contain I or more
events at random is given by
I-I
P(k 2 1) = 1 - c P(k).
(11)

4

k=O

and A*(h,,$,

M*,L*,/3) is the area projected on the
x-y plane by each slice of volume V(j, J) as 0 is varied
from Bi - he to Oi+ ho. If the accumulator is not

decomposed then

bJv(j,l
I h,h;

by
E(k>_I)xn.P(k>/).

I

which is a tighter bound than the one computed in (7).
The parameter b is termed the redundancy factor of the
Generalized Hough Transform. The redundancy factor
is a quantitative measure of the fragmentation of the
computed transform values into the buckets in S. In
order for the Generalized Hough Transform to be able
to localize an object with accuracy, it is necessary to
keep the redundancy factor as low as possible.
2.3. Probability of spurious peaks in the Generalized
Hough Transform

The redundancy of the Generalized Hough Transform is a measure of the fragmentation of the computed
transforms in B amongst the buckets in %‘. The other
factor which determines the performance of the
Generalized Hough Transform is the likelihood of
finding large clusters at random in 9’. In the Hough
accumulator X, this is tantamount to estimating the
probability that a Hough bucket will have peaks of size
1or more at random. The volumes in transformation
space which result from the matching of scene features
with model features can be looked upon as independent
random events. The tessellation of each volume into
the corresponding Hough buckets, however, is not
random. But as the number of volumes gets large
compared to the number of buckets defined by each
volume, the overall distribution of events into buckets
could be looked upon as random. This motivates the
use of a probabilistic occupancy model for the Generalized Hough Transform.
Given a distribution of r events into n buckets, let
rl, r2,. . , r,, where each ri 2 0 be the number of events
in the corresponding buckets 1,2,. . , n. Obviously,
iilri=

The expected number of buckets in a Hough accumulator that will contain peaks of at least size 1is given

r I f t he events are randomly distributed

(12)

Computing the value of P(k) for large values of r and
k using the binomial distribution can be fairly cumbersome. For large values of n (of the order of lo4 or
greater, which is usually the case), the Poisson approximation to the binomial distribution could be used

where A= r/n is the ratio of the number of events (total
votes entered in Ho) to the total number of buckets
in S.
If m is the number of model features, s the number
of scene features then the total number of possible
matches of scene features to model features M is given
by s!/(s - m)! if m <s and by m!/(m -s)! ifs <m. If b
is the redundancy of the Generalized Hough Transform then r = Mb. Thus A= Mb/n. For a given value
of sensor error sp and for a given quantization and size
of Y? (determined by the parameters he, h,, and n) the
parameters b and n are fixed. For different values of m
and s one can determine the expected number of
buckets in % that have a value greater than or equal
to I using (12). Table 1 shows the values for the
expected number of buckets in X that have a value
greater than f.m where 0 <f I 1.
The following problems have been observed in the
case of the Generalized Hough Transform.
(1) In the presence of noise and occlusion, the
range of transformations consistent with the matching
of a scene feature with a model feature can be quite

Table 1. The expected number of Hough buckets that have
avaluegreaterthanf.mwhereO<S$l,m=4,s=8,b=3
and n = 10,000

such

that each of the n’ placements are equiprobable with
probability n-‘then the probability ofa given arrange-

I = 0.25m

1= 0.5m

l= 0.75m

1= l.Om

3958

914

146

18
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large. As a result the number of Hough buckets
specified by the range of transformations can be quite
high. The fraction of the total number of buckets that
are specified by a single data-model pairing increases
with increasing sensor uncertainty, with a reduction in
the total number of Hough buckets (i.e. increasing
coarseness of 2 or alternatively decreasing the resolution of Z’) and with increasing occlusion. The redundancy factor increases when the parameter space is
projected onto a subspace.
(2) The probabilistic occupancy model shows that
the number of buckets having significant spurious
peaks due to random clusters can be quite high.
Numerical simulations (such as those shown in Table
1) show that the number of model-image pairings
likely to fall into the same bucket at random is often
greater than the number of pairings that correspond
to a correct solution. This problem is aggravated as
the redundancy factor increases. These spurious peaks
can cause the vision system to explore large portions
of the Hough space in order to verify a correct
interpretation.
3. THE USE OF QUALITATIVE FEATURES
IN THE GENERALIZED HOUGH TRANSFORM

The redundancy of the Generalized Hough Transform and the presence of spurious peaks can cause the
vision system to explore large portions of the Hough
space in order to verify a correct interpretation. In
order to minimize the effect of the redundancy of the
Generalized Hough Transform and the number of
spurious peaks in S’, we propose the use of qualitative
features. Qualitative features are scene features with
qualitative attributes assigned to them. We show that
qualitative features improve the Generalized Hough
Transform in two ways.

M. SUK

possible scene interpretations.
We show that this
reduction in the search space of possible scene interpretations greatly reduces the number of buckets in .#
having significant peaks due to random clusters.
(2) The qualitative attributes can be used to come
up with a weighted Generalized Hough Transform
where the weights can be interpreted as membership
function values for the fuzzy sets defined by these
qualitative attributes.
3.1. Reduction in the search space of scene interpretations due to qualitativefeatures

Consider an object model consisting of m model
features and a scene with s scene features. If m < s then
there are smpossible matches of scene features to model
features. If the unique interpretation constraint is imposed (i.e. a single scene feature matches a single model
feature and vice versa) then the number of scene interpretations (i.e. possible matches) can be reduced to
s!/(s - m)!. Furthermore, if each of the s scene features
and m model features are classified as belonging to
one of k classes based on the qualitative attributes then
the number of scene interpretations is further reduced
to

Figure 4 shows the exponential reduction in the search
space of possible scene interpretations due to the
classification of features based on these qualitative
feature types.
If we consider the Poisson approximation to determine the probability that a given bucket contains i
votes at random, then

(1) The use of qualitative features greatly reduces
the combinatorial complexity of a scene interpretation
problem by drastically reducing the search space of

log(#hypotheses

P(i)=$e-”

s=lOO,m=lO

1

5

2
k-

Fig. 4. The size of the search space vs. k.
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Table 2. The expected number of Hough buckets that have
a value greater than f.m where 0 <f 4 1, m = 4, s = 8, b = 3
and n = 10,000
k

I=0.25m

2
4

I=0.5m

739
47

I=0.75m
0
0

28
0

I= l.Om
0
0

where i. = Mb/n and M is the number of matches of
scene features to model features.
For a given value of i, p(i) is a monotonically
decreasing function of 1. Since I = Mb/n, for fixed
values of b, n and i, p(i) is a monotonically decreasing
function of M. Therefore, the expected number of
buckets with random votes greater than or equal to 1
is given by
E(k

2

1)= n

.(1-UP

is a monotonically increasing function of M. Since M
decreases exponentially with increasing k (number of

(L ’
1

P(Ij=

_ILleljl

~

iI =(l-11

-/II)

section, computed transform values can be assigned
weights based on a qualitative estimate of occlusion of
the scene features. Since the uncertainty in the computed transform is directly proportional to the degree
of occlusion of the scene features, these weights can in
effect be used to selectively emphasize or de-emphasize
certain matches of scene features to model features
based on the uncertainty in the computed transform.
Consider the scene features classified into two categories based on the qualitative attribute of occlusion.
For scene features that are occluded we define 1 - j3
(where /I= 1,/L,) to be a measure of the degree of
occlusion where lj is the length of scene feature sj and
L, the length of model feature MI with which sj is
matched. The match of a scene feature to a model
feature is no longer considered a simple binary relation
but a fuzzy relation(33-35) over .M x Y. The membership function of the match (M,,sj) is denoted by p,j
which can be defined as follows:
(1) If sj is not occluded then for a valid match
L, - ep I lj I L, + ep. For a valid match we define the
membership function

if

L,-ep<

lj< L, +ep,

where

a> 1

L,

0

feature classes), the effect of classifying features based
on qualitative attributes is to lower the expected
number of Hough buckets with random votes greater
than or equal to 1.Table 2 shows the expected number
of Hough buckets with random votes greater than or
equal to 1for the case where k = 2 and 4. On comparison with the corresponding quantities in Table 1, one
can see the improvement in the performance of the
Generalized Hough Transform due to the classification of features based on the qualitative attributes.
However, there is one important point to be noted. The
amount of preprocessing or segmentation of the image,
needed in order to come up with the qualitative
features should be minimal. Otherwise, the benefit in
constraining the search space of possible scene interpretations would be offset by the computational cost
of preprocessing or segmentation of the image.
3.2. Reducing the effect of smearing in parameter space
using qualitative
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features

The straightforward Generalized Hough Transform
computes a range of transform values for a given
match of a scene feature to a model feature. The range
of transform values is represented by a volume in %
and all the buckets in 8 that intersect this volume are
incremented. For a given quantization of .% and for
given bounds on the sensor accuracy, the primary
reason for the redundancy of the Generalized Hough
Transform is the uncertainty in the computed parameters due to occlusion. As shall be shown in this

(14)

otherwise

(2) If sj is occluded then for a valid match Ij I L,
Plj=

(l-ll-/II)“=/?
{0

if

lj<L,,

where

a>1

otherwise
(15)

The straightforward Generalized Hough Transform
increments a bucket in X if the volume in parameter
space defined by the match (M,,sj) intersects the
bucket. In the weighted Generalized Hough Transform the corresponding bucket in JI? is incremented
by plj. By doing this we achieve the following:
(1) Since matches based on unoccluded features on
an average are assigned a higher weight than those
based on occluded features, the weighted Generalized
Hough Transform will tend to favor matches with
unoccluded features over those with occluded features.
Since unoccluded features typically correspond to those
objects which are topmost in a pile of objects, the
weighted Generalized Hough Transform can be seen
to favor the recognition of such objects, which is as it
should be since these objects are more easily recognizable.
(2) The greater the uncertainty in the computed
transform value due to occlusion, the smaller the
weight assigned to that particular transform value.
Thus the greater the redundancy of a given transform
value, the smaller its contribution to the corresponding buckets and vice versa. This tends to emphasize the
transform values which are computed to a greater

S. M. BHANDARKAR
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degree of accuracy and hence sharpen the corresponding peaks in the Hough accumulator.
3.3. The probability
Generalized

of random peaks in the weighted
Hough Transform

The occupancy model for the straightforward Generalized Hough Transform is modified as shown below
for the weighted Generalized Hough Transform. Given
a distribution of r events into n buckets, let rl, rz, . . . , r,
where each ri 20 be the number of events in the
n
corresponding buckets 1,2,. . . , n. Since 1 ri = r and
i=l

each of the n’ placements are equiprobable with
probability n-‘, the probability of a given arrangement
with occupancy numbers rl, rz, . . . , r, is given by classical Maxwell-Boltzmann
statistics as shown in (9).
The probability P(k) that a given cell contains exactly k
events is given by the binomial distribution as shown
in (10). For large enough values of n the binomial
distribution can be approximated by the Poisson
distribution as shown in (13). In the case of the
weighted Generalized Hough Transform each event is
no longer a discrete event but a fuzzy event(36-3*) with
a membership function defined over the real interval
[O, l] as shown in (14) and (15). The membership
functions described in (14) and (15) are non-decreasing
functions and have a maximum value of unity at
/I = 1. Since the membership functions are convex and
normal, the fuzzy events can be treated as fuzzy
numbers.@‘) The accumulation of fuzzy events in a
bucket in X corresponds to the summation of the
corresponding fuzzy numbers. The probability of k
fuzzy events falling into a particular Hough bucket at
random is given by
P(k) =

can be shown that K,(X) is also a normal, nondecreasing, convex function of x.(‘~)
To determine pr(x) which is the probability distribution of the accumulated weight in a bucket given
that there are k matches which fall in the bucket, we
take the following approach.
If r events are placed at random in n buckets then
the probability of a specific placement is given by the
Maxwell-Boltzmann
statistics
1
P[N,=r,,N,=r,
,...., N,=r,]=
”
n-’
r,!r,! . ..r I

n

where c ri = r and Nj denotes the number of events
i=l
in bucket j.
We suppose that the weight w of each event is a
random variable with a probability density p,(x).
Let wl,w2,..., wk be the weights of events 1,2,. . . , k,
respectively. Then, the total weight of k particles is
k

Sk = c wi, k 2 1 where each wi is an independent and
i=l

identically distributed random variable.
To determine the probability distribution for SN1for
a given value of Nj = k, we use the following relation:

=P

A(~)P

(16)

dx

(17)

1

k

P

c

[

where pk(x) is the membership function of the fuzzy
number resulting from the addition of k fuzzy numbers
and pk(x) the probability distribution of the accumulated weight in a bucket given that there are k matches
which fall in the bucket.(36’ The problem therefore is
to determine (approximately if not exactly) p,Jx) and

P[Nj=kl

where P[N, = k] is a binomial distribution as shown
in (10). For large values of n, P[N, = k] can be approximated using a Poisson distribution shown in (13).
The probability distribution function corresponding to the cumulative distribution function

+CZ
I -cc

1

wi<xlNj=k

i
i=l

wi<x(Nj=k

i=l

which is denoted as ps, is given by the relation
P&(X) = PW,(w) 8 P,,(X). . .8 PW,(X)

(18)

where @ denotes the convolution operation. Since
each wi is independent and identically distributed (18)
can be written as

PAX).
P&(X) = 6

3.4. Determination of pk(x), p,(x) and P(k)
As shown in (15), the fuzzy match relation for
matching occluded features has a membership function of the form ~,~(x) = xn where 0 I x 5 1 and a 2 1.
In fact, any normal, non-decreasing, convex function
of x would be acceptable. Let us consider a membership function of the form pij = x” where 0 I x 5 1 and
a is an integer greater than or equal to 1.
Given n fuzzy numbers x1, x2,. . . ,x, with identical
membership

P,(X).

(19)

i=l

functions, p(x) =x”, the sum s, = i

Therefore, the probability distribution function corresponding to the cumulative distribution function
P[SN, I xjNj = k] denoted by psN,(xlNj = k) is given
by the equation
psN,(xINj = k) =

k
@P,(x)

[ I=,

= ps,(x)P[Nj

1

PCNj = kl

= k].

(20)

xi

i=l

can be shown to be a fuzzy number with membership
function of the form p,“(x) = (x/n)D where 0 I x I n. It

Since p,,(x) = @p,(x), pc(x) can be determined for
I=1
any value of k if pW(x) is known. Using the Central
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Limit Theorem,

for large enough

lim &p,(x)
Ir+mi=r

values of k

for a Gaussian
that

variable.(31~32’ We can show

+ Jlr(kp, ko2)
M’(K~‘)

where p = E[w] and a2 = var (w) and ~V(kp, ka2) is a
Gaussian random variable with mean kp and variance
/~a~.(~r.~~) If we assume that p,(x) is uniformly distributed in the interval [0, 11, then p = i and a2 = A.
Hence
P,,(X) =

random

995

1

01x<l

0

elsewhere

(21)

= /J

=M’(k)=;

(27)

M2(p, a’) = p2 + a2
hence

M2

and

ps,(x)=

X

O<xsl

2-x

12x12

0

elsewhere

M3(p, a’) = p3 + 3~~1.1
(22)

hence

M3

and we shall assume
P&(x)= Jv

(

;,;

>

, k>3

+CS
A(x)P,(x) dx
.r-,
+UE
P(k, a) =
f =ps,(x)P[Nj
I -cc 0

= k] dx.

(24)

for P[Nj = k]
(25)

We can compute P(k, E) for different values of k and c(.
In particular we can show that

” -1
P(l,cX)=ne
ci+l

(26)
02) is the ccth moment of a Gaussian ranwith mean p and variance e2.
of M”(p, (r2) for different values of tl can
using the Moment Generating Function

W(p,

k

1
0.304

+ 304

2
1.613 x lo-’

02)

= /2

+

+ 6k + 1)
1oo*j? +

(30)

1504/l

hence

= M5(k) = ;;(3k’

+ 10k + 5).

(31)

In Table 3 we have tabulated the values of P(k)
where P(k) is the probability
of k discrete random
events falling into a bucket in % using the Poisson
probability distribution in (13) for the straightforward
Generalized
Hough Transform. In Table 4 we have
tabulated
the values of P(k,a) where P(k,a) is the
probability
of k fuzzy random events falling into a
bucket in X using the set of equations (26) for the
weighted Generalized
Hough Transform.
As can be
seen from the corresponding
values in Tables 3 and 4,
the weighted Generalized Hough Transform shows a
lower probability of k random events falling into the
same bucket in .# as compared
to the straightforward Generalized Hough Transform. The weighted
Generalized Hough Transform thus, reduces the probability of large clusters in the parameter space due to
the random accumulation
of evidence. Furthermore,
the parameter
c( can be used to tune the weighted
Generalized Hough Transform
For a given value of
k, P(k, 2) can be seen to be a decreasing function of CC
Increasing
the value of 2 makes the membership
function /d(x) in (15) more selective in terms of favoring

Table 3. Values of P(k): probability of k discrete random
form=4,s=8,h=3andn=lO,OOO

P(k)

M4(k) = $(3k2

=

M5

P(k.a)=~Simx”p,.odx.
--us

where M”(p,
dom variable
The values
be computed

g2) = pL4 + &J*~~

hence

P(k) =

approximation

(29)
M4(p,

(23)

which is a reasonable approximation.
Since P(Nj = k) and p,,(x) are known for all k 2 1,
psN,(xlNj = k) = pJx) is known for all k 2 1 using (20).
Therefore, the probability P(k) of k fuzzy events falling
into the same Hough bucket at random
can be
computed for all values of k 2 1 using (16)

Using the Poisson

(28)

3
1.829 x 1O-2

events falling into a bucket

4
1.620x

5
IO-’

1.637 x lo-*
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Table 4. Values of P(k, a): probability of kfizzy random events falling into a bucket for m = 4,
s=8,b=3andn=10,000

k
1
0.152
0.102
7.612 x lo-’
6.089 x 1O-2
5.075 x 1o-2

2
3.836
2.238
1.439
9.911
7.193

x
x
x
x
x

4

3
lo-’
lo-*
lo-*
10-3
1o-3

6.445
3.581
2.148
1.373
9.250

matches containing scene features that are less occluded
over those in which the scene features are occluded to
a greater extent. Since the redundancy of a computed
transform value is directly proportional to the extent
of occlusion, the parameter tl is thus used to deemphasize transform values with a higher redundancy
and emphasize those with a lower redundancy. One
can see that the extent of emphasis/de-emphasis has a
direct consequence in lowering the value of P(k, c().The
weighted Generalized Hough Transform thus, can
control the effect of redundancy or fragmentation of
the computed transform values by occlusion.
4. THREE-DIMENSIONAL
OBJECT RECOGNITION
USING THE WEIGHTED GENERALIZED
HOUGH TRANSFORM
In this section
we describe an experiment in which
we compare the performance of the straightforward
Generalized Hough Transform with that of the weighted
Generalized Hough Transform for a typical vision
task. The problem that we have chosen is that of
recognition and localization of three-dimensional
polyhedral objects from range images. The range
images are of scenes containing single objects and
multiple objects with partial occlusion. The features
used for matching and pose computation are dihedral
junctions-junctions
with two edges incident on a
vertex. The flow chart of this procedure is given in
Fig. 5.
The main steps in this procedure are as follows:

(1) Feature extraction. Primitive geometric features
in the form of dihedral junctions are extracted from
the scene.
(2) Feature matching. The dihedral junctions extracted from the scene are matched against similar
features from the model.
(3) Transform determination. For each successful
match between a scene feature and a model feature the
transform parameters are computed. Since the objects
in 3D space have six degrees of freedom, each transform can be expressed as a 6-tuple in the 6D Hough
space.
(4) Computing the redundancy of the transform. Taking the sensor error and occlusion into account, a
range of values about the nominal values for each of
the transform parameters is computed.

x
x
x
x
x

10-S
1O-3
1O-3
10-a
1O-4

8.121
4.399
2.538
1.544
9.834

x
x
x
x
x

5
lo-“
10-4
1O-4
10-b
lo-’

8.186
4.366
2.456
1.446
8.868

x
x
x
x
x

10-S
1O-s
lo- 5
1O-5
10-e

(5) Histogramming in the Hough accumulator. The
range of parameter values for each match is used to
update the appropriate buckets in the Hough accumulator.
(6) Pose verification. The maxima in the Hough
accumulator are used to generate pose hypotheses for
the objects in the scene. Feature-based matching is
used to verify the pose of the object.

Each of the above-mentioned steps in the algorithm
are explained in the following subsections.
4.1. Feature extraction
Since the input scenes contained polyhedral objects,
there were two types of surface discontinuities to be

JUNCTION

FORMATION

Fig. 5. Flow chart of the recognition

algorithm.
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considered: (i) step edges which signify discontinuities
in depth and (ii) roofedges which signify continuity in
depth but discontinuity in the surface normal. In our
experiment, the step edges were detected using a
gradient operator in the x and y directions. To detect
roof edges, the surface normal at each pixel in the
image was estimated by fitting a plane in a local
window centered around the pixel of interest. The
maximum angular difference between adjacent surface
normals gives the roof edge magnitude Mroofat a pixel
location in the image
MrO,r(x,Y) = max Ccos- ’ Cn(x, yPn(x

+ k, Y + [)I,

-l<k,I<l].

(32)

Linear boundaries were extracted from the edge
points using the 2D Hough transform(40) in the (p, 0)
space. The output of the boundary extraction process
was a list of boundary tokens. Although the basic line
segments forming the boundaries of the objects were
detected at this stage, further post-processing was
necessary to till the gaps in the boundary segments and
form junction points. The output of the post-processing stage was a list ofjunction tokens. Furthermore, if
a boundary segment terminated at a T type junction
the boundary segment was classified as occluded. Since
T type junctions are highly viewpoint dependent, they
were not considered for matching.
Associated with each scene junction is a degree
which is the number of edges incident on the junction
vertex. Scene junctions of degree greater than 2 are
decomposed into dihedral junctions. The decomposition process ensures that the dihedral junctions satisfy
the following properties:
(1) The edges of the dihedral junction are adjacent
in the original scene junction. Two edges in the scene
junction are said to be adjacent if one edge could be

Hough Transform

991

rotated about the junction vertex and aligned with the
second edge without crossing any other edge belonging to the same junction. With reference to Fig. 6, edges
AB and AC are adjacent whereas AB and AD are not.
(2) The edges of the dihedral junction should enclose
a visible face of the object. Two adjacent edges of a
scene junction of degree greater than two are deemed
to enclose a visible face if they are not both step edges.
Only step edges of a scene junction of degree 2 can be
said to enclose a visible face. With reference to Fig. 6,
if AB and AE are step edges, then the dihedral junction
consisting of edges AB and AE cannot be deemed to
enclose a visible face of the object.
The edges of a dihedral junction were so ordered
that the vector cross product of the unit vector in the
direction of the first edge with the unit vector in the
direction of the second edge was in the direction of the
outward surface normal. Face visibility is used as a
constraint in the matching process which is described
next.
4.2. Feature matching
The dihedral junctions extracted from the range
image were matched against the dihedral junctions in
the object model. Figure 7 shows a candidate scene
junction to be matched with a candidate model junction. Each match between the candidate scene and
model junctions was subjected to a series of tests in
which the qualitatiue feature attributes were used to
determine a weight for each match as discussed in
Section 3.2.
4.2.1. Angle constraint. The scene and model dihedral junctions are subjected to the angle constraint
based on the value of the included angle between the

B

A
c+&ATc\

A

D

f-

D

D

E

E
Fig. 6. Decomposition

Fig. 7. Matching

of model dihedral

into dihedral

junction

junctions.

with a scene dihedral

junction.
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edges that form the junction
Mg=

(1
I 0

‘“_,“I>’

if

&-%?;e&+&;33)

otherwise

where E@is the maximum allowed deviation in angle
and 8, and 8, are the angles enclosed by the scene and
model junctions, respectively, as shown in Fig. 7. The
value of M, is deemed to be the weight of the match
based on the angle constraint.
42.2. Length constraint. The scene and model dihedral junctions are subjected to the length constraint
based on the lengths of the corresponding edges. The
weight of the match is M, which is the same as the value
of plj as computed in equation (14) or (15) depending
on whether the scene edge is unoccluded or occluded,
respectively. A match weight Ml, or Ml, is computed
for each of the edges of the dihedral junction.
The overall weight for the match of a model dihedral
junction with a scene dihedral junction is considered
to be the product of the weights M,, Ml, and M,, which
corresponds to the joint satisfaction of each of the
corresponding constraints.

k.m, = k.s, * k.(m, - sl) = 0

(35)

k.m,=k.s,+k.(m,-s,)=O.

(36)

Thus

h-s1)x(m2-s2)

k=

(37)

I(ml - sJ x (m2 - sJl

The angle of rotation 8 is determined by (Fig. 8)

Cm,-(m,WlfsI
Cl - h*W,

case=

=

1

-hWl

(38)

WI

[1 -hdl

_

(39)

Cl -(kWWJ1
(3) The final transformation

can be thus written as

RoT(k, o) TRANS(-B)[+,,

4.3. Computation of the transform

~0, ~0,

11’

= TRANS( - E)[u,, uo, wo, llT.

For a successful match between a scene feature and
a model feature the resulting pose was computed in
terms of a homogeneous coordinate transformation.
The coordinates (x, y, z) refer to the model coordinate
system and (u, u, w) to the scene coordinate system. The
operations x and denote the vector cross product
and the vector scalar product, respectively.
With reference to Fig. 7 let m, be the unit vector in
the direction BA and m2 be the unit vector in the
direction BC. Similarly, let s1 be the unit vector in the
direction ED and s2 be the unit vector in the direction
EF. The homogeneous coordinates of B in the model
coordinate system are given by the column vector
[x,, y,, zo, 11’ and the homogeneous coordinates of E
in the scene coordinate system are given by the column
vector [u,, ug, wg, llT. The goal is to find a transformation T such that
TCx,, Y,, ZO,1lT= Cue,uo,wo,IIT.

ensures that both junctions have their vertices translated to the origin.
(2) The vectors m, and m2 are rotated about k
through an angle 6 so as to end up aligned with s1 and
s2, respectively. k is determined by the requirement
that it be perpendicular to both m, - s1 and m2 - s2,
or equivalently that the projections of m, and s1 along
k be equal and the projections of m2 and s2 along k be
equal, i.e.

(40)

From (34) and (40)
T=TRANS-‘(-E)ROT(k,@TRANS(-B).

(41)

The transformation
T from the model coordinate
system to the scene coordinate system could be thus
written as:(41~42)
T = R0~(k, e) TRANS(~,, tv, t.)

=

i

I 1

rll

r12

rzl

122 rz3

0

0

1 0

t,

r31

r32

r33

0

0

0

1

t,

0

0

0

0

1

000
1 0

0

1
t,

r13

(34)

There is an inherent ambiguity in the matching of the
junctions as shown in Fig. 7 in the sense that whether
m, should match s, and m, should match sg or vice
versa. The directions of the outward normals II, and
n, to the faces bound by the corresponding scene and
model junctions, were used to resolve the ambiguity.
In Fig. 7, since n, = m, x m, and n, =sl x s2, m,
should match s1 and m2 should match s2.
The transformation T is determined in a stepwise
manner as outlined below:
(1) Points B and E are translated to their respective
origins. Let TRANS( - B) and TRANS( - E) denote
the respective homogeneous transformations.
This

Fig. 8. Computation of the angle of rotation.

(42)

Qualitative

features

and the Generalized

r l 1 = q 1 - cos 0) + cos 0
-cos0)-k,sinO

r ,3=k,k,(l

-costI)-k,sinQ

r2, = k,k,( 1 - cos 0) - k, sin 0
rZ2 = kjf( 1 - cos 0) + cos 0
rz3 = k,k,( 1 - cos 0) - k, sin 0
r3, = k,k,( 1 - cos 0) - k, sin f3

[((ml - sJ x (m2 - sJ)((m,

r32 = k,k,( 1 - cos 0) + k, sin 0
rJ3 = kf(1 -

999

Transform

However, deriving the exact analytic expression for the
volume in this case is quite tedious. Instead, we have
followed an analytic approach based on differential
vector calculus as described in our previous work. In
our previous work we computed the sensitivity of each
of the transform
parameters
(t,, t,, t,, 5, ~0) to the
errors sp and Ed. In this section we summarize
the
results of our previous work. The interested reader
should refer to reference (43) for details regarding the
derivations.
WithreferencetoFig.7ifMGI(mI-s,)x(m,-s,)l=

where

r,2=k,ky(l

Hough

cosi

cos e) + cos e

- sr) x (m2 -

s2))11”and

2 m,.k then we can show that

(43)
Ak,=Ak,=Ak;=$

and
~,=uo--r,l~o--r,zyo--13~o
r, = no - rzlxo - rz2yo t, =

w.

-

r31x0

-

r32yo

-

AtI=

r23zo
r33zo.

The axis of rotation k could be alternatively
sed by the pair (5, q) where

(44)
expres-

1
A< = T
(sin 5 - cos t,$
sm n
Aq=-1(sinc+cos<)$
cos r)

k,=cos<sinrl
k, = sin 5 sin q

At, = At, = At, = Egmax

k,=cosq

(45)

where - rr < n < rr and 0 c 5 < 2~. The transformation
T is thus uniquely specified by the 6-tuple (t,, tr, t,, [, n, 0).
4.4, Determining the redundancy of the computed transform
If the uncertainty in the position of the vertices is
denoted by the parameter sp then the uncertainty
in
the included angle ofthe dihedral junction is given by

sin 0, cos 0, -h

(

>

(47)

The volume in parameter
space defined by the
transform (t,, t,, t,, 5, V, 0) denoted by V(t,, t,, t,, 5, V. 0)
is then approximated
by (t, f At,, t, Ifi At,, t, f At,,
5 + A<, 9 f Aq, fI + A(3). The redundancy of the transform is computed as
(t,+Ar,,t,+At,,t,t_At,,5+~5,~f~?,e$-Ae)
h&h&,h,h,

1
(48)

sg=2tan-

I ( j(,2?4~;))

as shown in Fig. 9.
Knowing E,, and sg one can compute
volume in 9 generated by the computed

(46)
the exact
transform.

where h,x, hly, h,=, h,, h, and h, are the dimensions of the
Hough bucket along the corresponding
axis in parameter space. The value of the redundancy obtained by
our technique is a more pessimistic estimate than the
one that would be obtained by actually computing an
analytic expression for the volume V’(t,, t,, t,, 5, q, 0). In
the case of the straightforward
Generalized
Hough
Transform all the Hough buckets within the volume
(t, + At,, t, t_ Atr, t, k At,, 5 + A& v k Aa, 0 + At?) are
incremented
by 1 whereas in the case of the weighted
Generalized
Hough Transform
the Hough buckets
within the volume are incremented
by the weight
assigned to the transform.
4.5. Ver$cation

Fig. 9. Error in included

angle due to error in position
vertex.

of the

qf the pose hypothesis

The pose hypothesis is used to project the object
model on to the image. A feature-based
comparison
technique (44) is used to match the features from the
projected object model with the features in the scene.
The feature-based
comparison
technique treats the
problem of pose verification as an optimal assignment
problem using the algorithm
by Munkres.‘45’ The
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Fig. 10. Range image of scene 1.
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Fig. 11. Range image of scene 2.
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Fjg. 12. Range image of scene 3.
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Fig. 13. Range image of scene 4.
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Table 5. Performance comparison between the straightforward and weighted
Generalized Hough Transforms
M

Scene 1
Object 1
Object 2

Scene 2
Object 1

Scene 3
Object 1

WGHT

2

9

5

I

GHT

7

24

25

13

Scene 4
Object 2
1

23

WGHT, weighted Generalized Hough Transform; GHT, straightforward
Generalized Hough Transform.

optimal assignment of a pose hypothesis to the scene
features results in a weight assigned to the pose
hypothesis. The weight is based on the qualitative
feature attributes. If the weight of a pose hypothesis
exceeds a certain threshold the pose hypothesis is
deemed correct else it is deemed an incorrect (spurious)
hypothesis.
4.6. Experimental

results

The recognition algorithm shown in Fig. 5 was
implemented and tested on a set of range images from
the range database provided to us by the Pattern
Recognition and Image Processing Laboratory at
Michigan State University, East Lansing, Michigan.
The performance of the weighted Generalized Hough
Transform was compared with that of the straightforward Generalized Hough Transform. As a performance criterion, we used the number of buckets M
in the Hough accumulator that had values greater
than or equal to the value in the bucket that corresponded to the correct pose hypothesis. Obviously, the
smaller the value of M, the better the performance of
the recognition algorithm. The input scenes are shown
in Figs 10-13. The results of our experiments are
presented in Table 5. In this experiment the sensor
(junction vertex) position error E,,was taken to be x 2
pixels which translated to an error in the included
angle s0 z 5 deg.
As can be seen from the experimental results, the
weighted Generalized Hough Transform is shown to
perform better than the straightforward Generalized
Hough Transform in terms of its ability to reduce the
number of spurious peaks that have a magnitude
greater than or equal to the peak corresponding to the
correct solution.
5. CONCLUSIONS
In this paper we have shown how the use of
qualitative features can enhance the performance of
recognition and localization techniques, in particular, the Generalized Hough Transform. Qualitative
features are shown to be effective in pruning the search
space of possible scene interpretations and also reducing the number of spurious interpretations explored by
the recognition and localization technique. The redundancy and the probability of spurious peaks of
significant magnitude due to random accumulation of

evidence are two criteria by which the performance of

the Generalized Hough Transform could be judged.
The straightforward Generalized Hough Transform
shows a high probability of spurious peaks of significant magnitude even for small values of redundancy
and small magnitude of the search space of scene
interpretations. The use of qualitative features enables
us to come up with a weighted Generalized Hough
Transform where each match of a scene feature with a
model feature is assigned a weight based on the
qualitative attributes assigned to the scene feature.
These weights could be looked upon as membership
function values for the fuzzy sets defined by these
qualitative attributes. Thus the match of a scene
feature with a model feature is considered a fuzzy
event rather than a discrete event. The weighted
Generalized Hough Transform is shown to emphasize
matches with low redundancy for the computed transform value and de-emphasize those matches with
high redundancy for the computed transform value.
Analytic expressions for the probability of accumulation of random events within a bucket are derived
for the weighted Generalized Hough Transform and
compared with the straightforward Generalized Hopgh
Transform. The weighted Generalized Hough Transform is shown to perform better than the straightforward Generalized Hough Transform. An experiment
for the recognition of polyhedral objects from range
images has been described. Dihedral junctions are
used as features for matching and pose computation.
The experimental results bring out the advantages of
the weighted Generalized Hough Transform over the
straightforward Generalized Hough Transform. As
regards future research, we plan to extend our results
to the recognition of complex objects with curved
surfaces.
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