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Abstract

The class of complex modified Korteweg-de Vries (CMKdV)
equations has many applications. One form of the CMKdV
equation has been used to create models for the nonlin-
ear evolution of plasma waves , for the propagation of
transverse waves in a molecular chain, and for a general-
ized elastic solid. Another form of the CMKdV equation
has been used for the traveling-wave and for a double
homoclinic orbit.

In this paper we introduce sequential and parallel split-

step Fourier methods for numerical simulations of the

above equation. These methods are implemented on the

Origin 2000 multiprocessor computer. Our numerical

experiments have shown that the finite difference and

the inverse scattering methods give accurate results and

considerable speedup.



Introduction

This paper is concerned with numerical and

parallel algorithms for numerical simulation of

the complex modified Korteweg-de Vries (CMKdV)

equation. The first part of this paper presents

split-step Fourier methods for this equation.

Three different numerical schemes are studied.

We first present those schemes. Then imple-

mentations of these schemes for the numerical

simulation of the CMKdV equation are carried

out and numerical results are reported. In the

second part of this paper, we develop parallel

algorithms for these three schemes and imple-

ment them on the Origin 2000 multiprocessor

computer.



Split-step Fourier method has been employed

for solving a wide range of nonlinear wave equa-

tions. The basic idea of this method is to

decompose the original problem into subprob-

lems and then to approximate the solution of

the original problem by solving the subprob-

lems in a given sequential order. Various ver-

sions of this method have been developed for

the nonlinear Schrödinger (NLS), Korteweg-de

Vries (KdV) and modified Korteweg-de Vries

(MKdV) equations.



Muslu and Erbay have extended the split-step

method to the numerical solution of one form

of the CMKdV equation. In their work the orig-

inal equation is decomposed into a linear sub-

equation and a nonlinear sub-equation. The

linear sub-equation is solved by using the dis-

crete time Fourier transform, and the nonlin-

ear sub-equation is evaluated by using Runge-

Kutta scheme in combination with the Fourier

transform. Based on approximating the ex-

ponential operator in the original equation in

different ways, three split-step schemes have

been presented, namely; the first-order, second-

order and fourth-order methods.



In this paper we study various split-step based

algorithms for the CMKdV equation. Three

schemes are considered. We consider the same

equation as the one considered by Taha, which

has a different form from the equation consid-

ered by Muslu-Erbay.

The first scheme of Muslu and Erbay is modi-

fied slightly to fit the CMKdV equation under

consideration.

Then two additional schemes are presented based

on different approximations of the nonlinear

sub-equation; one using a finite difference ap-

proximation, another using a local Inverse Scat-

tering Transform (IST) approximation. Both

sequential and parallel versions of these schemes

are developed and implemented. For the se-

quential algorithms, stability, convergence rate

and computation time are compared among

the different schemes. For the parallel algo-

rithms, the focus is on testing the speedup.



Since the discrete Fourier transform plays a

key part in these schemes, we will use the avail-

able and efficient FFTW library in their imple-

mentation. The FFTW is a free software that

provides subroutines for both sequential and

parallel discrete Fourier transform, and devel-

oped at MIT by Matteo Frigo and Steven G.

Johnson.



Split-step Fourier Algorithms for the CMKdV

Equation:

Introduction

In this paper we consider the following CMKdV

equation:

qt + 6 |q|2 qx + qxxx = 0, x ∈ [a, b], 0 ≤ t ≤ T

(1)

where q = q(x, t) is a complex valued function,

and | · | denotes the modulus.

Taha presented three schemes based on finite

difference approximation. In this work we study

the split-step based algorithms for this equa-

tion and will compare the results with that

presented by Taha. In addition a comparison

among the algorithms is discussed.

Split-Step Fourier Methods In this section we

present three split-step Fourier schemes for the

CMKdV equation (1).



Let the periodic boundary interval be [a, b].

For convenience, we first normalize this inter-

val to [0,2π] using the transformation X =
2π(x − a)

(b − a)
. As a result, the original CMKdV

equation (1) becomes

qt + α |q|2 qX + βqXXX = 0, X ∈ [0,2π] (2)

where

α =
12π

b − a
, β =

(2π)3

(b − a)3

The linear sub-equation is given by

qt + βqXXX = 0 (3)

and the nonlinear sub-equation is given by

qt + α |q|2 qX = 0 (4)

As mentioned earlier, the basic idea in the split-

step Fourier scheme is to approximate the ex-

act solution of equation (2) by solving the lin-

ear sub-equation (3) and the nonlinear sub-

equation (4) in a given sequential order. For



the solution of the linear sub-equation (3), dis-

crete time Fourier transform is used. For the

nonlinear sub-equation (4), different numeri-

cal approximation schemes can be used. This

leads to different split-step algorithms for the

CMKdV equation under consideration.

For completeness, we briefly review the dis-

crete Fourier transform, which can be found

in most textbooks on the subject of numerical

analysis.

Divide the interval [0,2π] into N equal subin-

tervals with grid spacing ∆X = 2π/N . The

spatial grid points are then given by Xj =

2πj/N , j = 0, . . . , N . Let qj(t) denote the ap-

proximate solution to q(Xj, t). The discrete

Fourier transform of the sequence {qj}N−1
j=0 is

defined as

q̂k = Fk(qj) =
1

N

N−1∑
j=0

qj exp(−ikXj), −N

2
≤ k ≤ N

2
−1

(5)



The inverse transform of (5) is given by

qj = F−1
j (q̂k) =

N
2−1∑

k=−N
2

q̂k exp(ikXj), 0 ≤ j ≤ N−1

(6)

Here F denotes the discrete Fourier transform

and F−1 its inverse transform. In some sit-

uations, when N is chosen to be N = 2p for

some integer p, these transforms can be imple-

mented efficiently via a fast Fourier transform

(FFT) algorithm. See Briggs,Hart and Sweet-

for a discussion on the FFT scheme.

With the Fourier transforms, the derivatives of

q with respect to the spatial variable X can

be easily evaluated. For example, qX at (Xj, t)

is given by F−1
j (ikFk(qj)) and qXXX at (Xj, t)

is given by F−1
j (−ik3Fk(qj)). These formulas

will be used in the algorithms presented in the

following subsections.



A sequential implementation of the discrete

Fourier transform (DFT) can be easily done

based on (5) and (6). However, to devise a

parallel implementation is far complicated. In

this work we will use FFTW, a C subroutine

library for computing the DFT that has been

used for many applications.



Split-Step Schemes presented by Muslu and

Erbay:

Muslu and Erbay considered a different CMKdV

equation, which differs in the nonlinear term,

as follows:

qt + α(|q|2 q)x + qxxx = 0 (7)

With minor modifications, we present the three

split-step schemes, initially developed by Muslu-

Erbay for equation (1).

To illustrate the general idea of this approach,

we consider a general evolution equation in the

form

qt = (L + N)q, q(x,0) = q(x) (8)

where L and N are linear and nonlinear opera-

tors, respectively. For equation (1), L = − ∂3

∂x3

and N = −6 |q|2 ∂

∂x
. If L and N are assumed



to be t independent, a formal solution of (8)

is given by

q(x, t + ∆t) = exp (∆t(L + N)) q(x, t) (9)

where ∆t is the time step in temporal dis-

cretization. Suppose that the linear subprob-

lem

qt = Lq, q(x,0) = q(x) (10)

and the nonlinear subproblem

qt = Nq, q(x,0) = q(x) (11)

have known exact solutions

q(x, t + ∆t) = exp(∆tL)q(x, t) (12)

and

q(x, t + ∆t) = exp(∆tN)q(x, t) (13)

respectively. The solution of equation (8) can

be approximated by using the solutions of the

linear and nonlinear subproblems in a given se-

quential order. Such an order is determined



by the way of replacing the exponential oper-

ator exp (∆t(L + N)) in (9) by an appropriate

combination of products of the expontial op-

erators exp(∆tL) and exp(∆tN). According to

the Baker-Campbell-Hausdorf (BCM) formula

and the higher order operator approximation in

Yoshida, the first-order approximation of the

exponential operator exp (∆t(L + N)) is given

by

φ1(∆t) = exp(∆tL) exp(∆tN) (14)

the second-order approximation is given by

φ2(∆t) = exp(
1

2
∆tN) exp(∆tL) exp(

1

2
∆tN)

(15)

and the fourth-order approximation is given by

φ4(∆t) = φ2(λ∆t)φ2((1 − 2λ)∆t)φ2(λ∆t)

(16)

where λ = (2+21/3+2−1/3)/3. Note that the

fourth-order approximation involves the prod-

uct of nine exponential operators.



The linear equation (3) is solved by means

of the discrete Fourier transform and the ad-

vancements in time are performed according

to

qm+1
j = F−1

j

(
exp(iβk3∆t)Fk(q

m
j )

)
(17)

where qm
j denotes the approximation to q(Xj, m∆t).

The spatial discretization of the nonlinear equa-

tion (4) by a Fourier pseudo-spectral method

can be written as

(qj)t + α
∣∣∣qj

∣∣∣2 F−1
j

(
ikFk(qj)

)
= 0 (18)

For the time integration of this equation, a

Runge-Kutta method is used.



1. First-order scheme:

Given the data qm
j at time t = m∆t:

1. Solve the nonlinear equation (18) where

the time step is set to ∆t. This so-

lution becomes the initial data for the

next step.

2. Solve the linear equation (17) by using

the Fourier transform.

At the end of this process, we get the new data

qm+1
j .



A split-step scheme based on finite differ-

ence approximation of the nonlinear sub-

equation

Taha and Ablowitz have developed a split-step

Fourier method for the KdV equation, using

the idea originally presented by F. Tappert.

The linear sub-equation is still solved by the

discrete Fourier transform (17). For the non-

linear sub-equation, an improved finite differ-

ence approximation formula was proposed, which

has better truncation error. Inspired by this

idea, we modify this formula and derive the fi-

nite difference approximation for the CMKdV

nonlinear sub-equation (4) as follows:



qm+1
n = qm

n − α

48

∆t

∆X

{ ∣∣∣qm+1
n

∣∣∣2 (8qm+1
n+1 − 8qm+1

n−1

-qm+1
n+2 + qm+1

n−2 )

+ |qm
n |2 (8qm

n+1 − 8qm
n−1 − qm

n+2 + qm
n−2)

}
(19)

Thus our second split-step algorithm, which

we may call the finite difference approximation

scheme, is listed below.



2. Finite difference approximation scheme:

Given the data qm
j at time t = m∆t:

1. Solve the nonlinear equation (4) by us-

ing (19) . This solution becomes the

initial data for the next step.

2. Solve the linear equation (3) by using

the Fourier transform (17).

At the end of this process, we get the new data

qm+1
j .

Equation (19) cannot be solved directly since

the unknown quantity qm+1
n appears in both

sides of the equal symbol. As mentioned by

Taha and Ablowitz, an iterative approximation

procedure can be implemented to numerically

compute the value of qm+1
n .



A split-step scheme based on local IST ap-

proximation of the nonlinear sub-equation:

Taha discusses three numerical schemes for

the CMKdV equation (1): a standard finite

difference scheme, an integrable Inverse Scat-

tering Transform (IST) scheme, and a local

IST scheme. As he pointed out by Taha, the

major difference among the three schemes is

in the discretization of the nonlinear term in

the CMKdV equation. The numerical simula-

tions reported by Taha have shown that the

standard scheme is subject to instability and

the numerical solution becomes unbounded in

finite time. The IST schemes do not suffer

from any instabilities. In the case of coarse

discretization in either space or in time or in

both, these schemes produce approximate so-

lutions for the CMKdV equation (1) with high

accuracy (see Table 1 by Taha). However, all

of these schemes are implemented by solving



a banded circulant Toeplitz systems of equa-

tions. This can be very expensive in terms

of computation time if Gaussian elimination is

used recursively to solve these systems of equa-

tions.



One advantage of using Fourier transform is

that it is fast. Thus, we can use the Fourier

transform (17) for the linear sub-equation (3)

and use a local IST scheme for the nonlin-

ear sub-equation (4). This leads to our third

split-step method which we call the local IST

scheme. The discretization formula for the

nonlinear sub-equation can be easily obtained

from the approximation by Taha.



qm+1
n = qm

n − α

12

∆t

∆X

(
qm+1
n+2

(∣∣∣qm
n+1

∣∣∣2 + |qm
n |2

)

− qm
n−2

(∣∣∣qm+1
n

∣∣∣2 +
∣∣∣qm+1

n−1

∣∣∣2)

+
qm+1
n+1

2

(
(q∗)m

n qm
n+1 + (q∗)m+1

n qm+1
n+1 + 2qm

n (q∗)m
n−1

)

−qm
n−1

2

(
qm+1
n−1 (q∗)m+1

n + qm
n−1(q

∗)m
n + 2qm+1

n (q∗)m+1
n+1

)
+

qm
n

2

(
(q∗)m+1

n qm+1
n+1 + (q∗)m

n qm
n+1

)

− qm+1
n

2

(
(q∗)m+1

n qm+1
n−1 + (q∗)m

n qm
n−1

)
− 3

(
|qm

n |2 qm+1
n+1 −

∣∣∣qm+1
n

∣∣∣2 qm
n−1

) )
(20)

where ∗ denotes the complex conjugate. This

algorithm is listed below.



3. Local IST scheme:

Given the data qm
j at time t = m∆t:

1. Solve the nonlinear equation (4) by us-
ing the local IST approximation (20).
This solution becomes the initial data
for the next step.

2. Solve the linear equation (3) by using
the Fourier transform (17).

At the end of this process, we get the new data
qm+1
j .

Numerical Experiments

In this section we carry out numerical simula-
tions to compare the performance among the
three schemes. We consider the traveling-wave
solution of (1) , i.e., the analytical solution of
(1) is given by

q(x, t) = a exp (i(kx − ωt)) (21)



where ω = 6 |a|2 k − k3 and a is the complex

amplitude. For initial conditions, (21) is used

at t = 0 and a = 1
2, k = 1. Periodic boundary

conditions on the interval [0,2π] are imposed.

For convenience, we first give each scheme a

short name that will be used frequently through-

out this section.

1st: the first order split-step Fourier method.

FD: the finite difference approximation scheme.

IST: the local IST scheme.

The implementations of these schemes are done

using C programming language on a Sun work-

station. For the discrete Fourier transform,

whenever it is applicable, e.g. N = 2p for some

integer p, a fast Fourier transform (FFT) al-

gorithm is used to further decrease the com-

putation time.



Two norms, namely, L∞ and L2 are used to

measure the accuracy of the approximate so-

lutions. These norms are defined as follows.

L∞ = max
n

(||q̃n| − |qn||), L2 =
√∑

n
(|q̃n| − |qn|)2

where q̃n is the numerical solution and qn is

the exact solution at point (n∆x, T ) for all n,

where T is the terminating time.

Stability vs. instability Our first numerical sim-

ulation aims to investigate the stability of these

schemes as the final time T increases. In or-

der to compare our results with the results pre-

sented by Taha, we use the same data for both

spatial discretization (N = 40) and the time

step size (∆t = 0.0125).

Table 2.1 gives the L∞ and L2 error norms

obtained from this experiment. Fig. 2.1 – 2.3

show the approximate solutions achieved by us-

ing these three numerical schemes.



From this experiment, we found that for the

coarse discretization the performances of the

first order scheme is very poor compared with

the results given by Taha, Table 1. The nu-

merical solution based on this scheme blows up

at t = 13.5875.

On the other hand we found out that the finite

difference and the local IST split-step algo-

rithms produce very good performances which

are in agreement of what has been reported

by Taha. Since our implementations of these

schemes do not involve solving a system of

equations, the computation time is reduced.

Muslu and Erbay use very small values for the

time step size ∆t in their numerical examples

(e.g., they use ∆t = 0.025(∆x)3 in one simu-

lation and use ∆t = 0.3099 × 10−4 in another

experiment). Our current results show that

for large value of ∆t, the first method do not

work well. In the following simulation, we’ll



study the performance of these algorithms as

∆t gets smaller, i.e., the convergence rate in

time for these methods.

Table 2.1. L∞ and L2 norms for various values of T

(∆t = 0.0125, N = 40)

T Norm 1st FD IST
5.0 L∞ 0.043014 0.000001 0.000000

L2 0.272044 0.000004 0.000003
10.0 L∞ 0.114950 0.000001 0.000001

L2 0.727008 0.000007 0.000005
20.0 L∞ blow up at 0.000002 0.000002

L2 t = 13.5875 0.000015 0.000010
40.0 L∞ 0.020831 0.001253

L2 0.091500 0.005597
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Convergence in time To test the convergence

rate of these split-step schemes in time, we

perform a number of numerical experiments



for various values of time step ∆t and a fixed

value of N and of the terminating time T . We

choose T = 10.0 and N = 64 (therefore, a

FFT algorithm can be used to speed up the

computation further). Table 2.2 gives the re-

sults.

From this table, we found:

1. Both the L∞ errors and the L2 errors are

convergent for all the three schemes as ∆t

decreases.

2. The error for the first scheme decay ap-

proximately linearly in time step ∆t. But

for the other two schemes, namely FD and

IST, the convergence rates seem to be higher

than a linear order. Again, the errors of

these two schemes are much less than the

errors of the first three schemes. IST scheme



produces better approximations than FD.

But the errors are of the same order.

Table 2.2. Comparison of the convergence rates in

time (N= 40 and T = 10.0)

∆t Norm 1st FD IST
0.005 L∞ 0.032918 7.41e-08 6.45e-08

L2 0.263172 5.93e-07 5.16e-07
0.001 L∞ 0.005789 5.93e-10 5.16e-10

L2 0.046315 4.75e-09 4.13e-09
0.0005 L∞ 0.002853 7.41e-11 6.44e-11

L2 0.022822 5.91e-10 5.14e-10
0.0001 L∞ 0.000564 1.14e-12 6.19e-13

L2 0.004513 4.20e-12 2.28e-12

Comparisons of computational times To com-

pare the various schemes in terms of computa-

tional efficiency, we fix ∆t, N and T and mea-

sure the computing times, the L∞ errors and

the L2 errors. In our simulations, we choose

∆t = 0.0002, N = 64, and T = 10.0. The

results are given in Table 2.2. Note that both



the real CPU time and the normalized time are
shown in this table.

Table 2.3. Comparison of computing times

(∆t = 0.0002, N = 64, T = 10.0)

Scheme L∞ L2 Time(sec ) Time
1st 1.13e-03 9.05e-03 123s 1
FD 4.03e-12 3.06e-11 96s 0.78
IST 3.56e-12 2.58e-11 99s 0.80

We notice from this table that the FD and IST
schemes perform surprisingly well with very high
accuracy and less time expense. Comparing
with the time used by the first order scheme
(it is normalized to be 1), the times used by FD
and IST schemes are even less than 1 (0.78 for
FD and 0.80 for IST, respectively). However,
the errors of both schemes are reduced by a
order of 108. This suggests that the last two
schemes are much better than the first three
algorithms.



Parallel Algorithms for the Split-step Fourier

Schemes Introduction In this paper we will de-

vise, implement and test the parallel algorithms

of the three numerical schemes for the CMKdV

equation which are presented earlier. Recall

that the basic idea behind these schemes is to

approximate the solution of the CMKdV equa-

tion by using the approximations of the linear

and nonlinear sub-equations in a pre-specified

order. Thus, to develop the parallel version

of a split-step numerical algorithm, it is nec-

essary to first develop the parallel algorithms

for the approximate solutions of the linear and

nonlinear sub-problems.

Parallel Implementations of the Linear and Non-

linear Sub-equations Since the discrete Fourier

transform, finite difference and IST approx-

imations, and the Runge-Kutta method are

used in the numerical schemes for the linear

and/or nonlinear sub-problems of these split-

step schemes, we present the parallel imple-

mentations of these methods in this section.



Discrete Fourier Transform (DFT)

Suppose that A(l), l = 0, . . . , N − 1 is a given

array. The discrete Fourier transform is then

defined by

F(k) =
N−1∑
l=0

A(l) exp(−2πi

N
lk), k = 0, . . . , N − 1

(1)

the FFTW is used in the implementation of

the DFT. The FFTW is developed at MIT by

Matteo Frigo and Steven G. Johnson, it has

become the FFT library of choice for most ap-

plications. Its performance, tested by bench-

marks on a variety of platforms, is typically su-

perior to that of other publicly available FFT

software. FFTW received the 1999 J. H. Wilkin-

son Prize for Numerical Software, which is awarded

every four years to the software that “best ad-

dresses all phases of the preparation of high

quality numerical software.”



FFTW provides parallel routines for distributed-

memory (and shared-memory) machines sup-

porting MPI (Message Passing Interface, an

introduction will be presented in the next sec-

tion). The usage of these routines is straight-

forward and simple. One may refer to the on-

line document of FFTW for details.



Finite Difference and Local IST Approxi-

mations

In this subsection we consider the parallel im-
plementations for the finite difference approx-
imation (19) and the local IST approximation
(20). It is easy to see that these two schemes
can be parallelized in a very similar manner.
For this reason we only present the details for
the first scheme.

In view of (19), the computation of the n-
indexed values depends not only on the previ-
ous n-indexed values, but also on the adjacent
values, namely, the (n+1)-, (n+2)-, (n−1)-,
and (n − 2)-indexed values. That implies that
if we split the computation of the N values
evenly among the p processors, data commu-
nication must be carried out between adjacent
processors.

Let the p processors be labeled by 0,1, . . . , p−1.
Processor i will be working on the M1 = N/p



entries qm+1
n , i ∗ M1 ≤ n < (i + 1)M1. For

easy notation, we denote these M1 values by

q̄0, q̄1, . . . , q̄M1−2, q̄M1−1. The following is the

parallel algorithm for (19):

Procedure 1: Parallel Finite Difference Ap-

proximation:

Assume currently each processor i holds its

own M1 data. For i = 0,1, . . . , p − 1:

1. Send q̄0, q̄1 to its left neighbor (if i = 0,

send to processor p − 1).

2. Send q̄M1−2, q̄M1−1 to its right neighbor (if

i = p − 1, send to processor 0).

3. Update new values by (19).



Parallel Implementations of the three Split-step
Schemes Before we present the parallel algo-
rithms, we first give a brief introduction of the
Message Passing Interface (MPI), which will be
used in implementing the parallel algorithms on
the Origin 2000 multiprocessor computer.

Message Passing Interface (MPI)

Message Passing Interface (MPI) is a tool for
parallel computing that has become an ad hoc
standard. It was designed for high performance
on both massively parallel machines and on
workstation clusters. MPI is widely available,
with both freely available and vendor-supplied
implementations. A number of MPI home pages
are available. MPI was developed by a broadly
based committee of vendors, implementors, and
users.

In distributed parallel programming using MPI,
different processors work on totally indepen-
dent data and explicitly use send and receive



commands provided by MPI to exchange data

between processors.

For further details on the usage of more MPI

commands, one may refer to the MPI on-line

document.



Parallel Split-step Fourier Algorithms

Using the parallel procedures we have devel-
oped earlier, we now build the parallel imple-
mentation algorithms of the three split-step
Fourier schemes for the CMKdV equation. We
consider the distributed-memory approach for
these implementations, using the MPI tool.

Our implementations employ the Master-Slave(s)
structure. This means one processor called the
master takes the special role of controlling the
whole routine of the execution of the program,
and the rest processors called slaves are only
responsible for their own computation and for
sending and receiving data. This way, the mas-
ter processor will have a heavier load than a
slave does.

The implementation algorithms for the three
split-step schemes are presented in the follow-
ing. In these algorithms Tn denotes the num-
ber of iterations. Note that the following al-
gorithms use FFTW for the implementation of
DFT.



Algorithm 1: parallel first-order scheme (re-

fer to (14), (18) and (17))

The master distributes the initial values q0j , 0 ≤
j < N among the p processors.

For m = 0 To Tn − 1, Do

step 1: Use Procedure 1 to compute the

forward Fourier transform Fk(q
m
j ).

step 2: The master collects the results Fk(q
m
j ),

compute the product ikFk(q
m
j ).

step 3: Use Procedure 1 to compute the

inverse transform F−1
k (ikFk(q

m
j )).

step 4: The master collects the results F−1
k (ikFk(q

m
j ))

step 5: Use Procedure 2 for the time in-

tegration.



step 6: The master collects the solution

of the nonlinear sub-equation (18).

step 7: Use Procedure 1 to compute the

forward Fourier transform Fk(q
m
j ).

step 8: The master collects the results Fk(q
m
j ),

compute exp(iβk3∆t)Fk(q
m
j ).

step 9: Use Procedure 1 to compute the

inverse transform.

step 10: The master collects the solution

of the linear sub-equation (17). This

yields the new values qm+1
j .

In Algorithm 1, the step 1 – 5 is used to solve

the nonlinear sub-equation, and the step 7 – 9

is used for the linear sub-equation.



Algorithm 2: parallel finite difference ap-

proximation scheme (refer to (19) and (17))

The master distributes the initial values q0j , 0 ≤
j < N among the p processors.

For m = 0 To Tn − 1, Do

step 1: Use Procedure 2 to solve the non-

linear sub-equation (4).

step 2: The master collects the solution

of the nonlinear sub-equation.

step 3: Use Procedure 1 to compute the

forward Fourier transform Fk(q
m
j ).

step 4: The master collects the results Fk(q
m
j ),

compute exp(iβk3∆t)Fk(q
m
j ).

step 5: Use Procedure 1 to compute the

inverse transform.



step 6: The master collects the solution

of the linear sub-equation (17). This

yields the new values qm+1
j .



Algorithm 3: parallel local IST scheme (re-

fer to (20) and (17))

The master distributes the initial values q0j , 0 ≤
j < N among the p processors.

For m = 0 To Tn − 1, Do

step 1: Use a modified form of Procedure

2 to solve the nonlinear sub-equation

(4).

step 2: The master collects the solution

of the nonlinear sub-equation.

step 3: Use Procedure 1 to compute the

forward Fourier transform Fk(q
m
j ).

step 4: The master collects the results Fk(q
m
j ),

compute exp(iβk3∆t)Fk(q
m
j ).

step 5: Use Procedure 1 to compute the

inverse transform.



step 6: The master collects the solution

of the linear sub-equation (17). This

yields the new values qm+1
j .

Numerical Results We have implemented these

three parallel algorithms on the Origin 2000

multiprocessor computer, using C programming

language and the MPI commands for data com-

munication. Our objective is to test the timing

and to compute the speedup.

Experiment 1: In this experiment we test and

compare the speedup of these algorithms using

FFTW. p Table 3.1(a) - 3.4(e) give the CPU

time and speedup for the three methods.



Table 3.1(a). CPU time and speedup for the parallel

1st scheme using FFTW

p N = 2048, Tn = 4000 N = 4096 N = 8192
Tn = 4000 Tn = 2000 Tn = 1000

2 19.3 s 20.2 s 18.9 s
4 14.8 s 14.8 s 12.2 s
Sp 1.30 1.36 1.55

Table 3.2(b). CPU time and speedup for the parallel

FD scheme using FFTW
p N = 2048 N = 4096 N = 8192

Tn = 4000 Tn = 2000 Tn = 1000
2 12.7 s 12.2 s 11.9 s
4 8.9 s 8.3 s 7.1 s
Sp 1.43 1.47 1.68



Table 3.3(c). CPU time and speedup for the parallel

IST scheme using FFTW

p N = 2048 N = 4096 N = 8192
Tn = 4000 Tn = 2000 Tn = 1000

2 12.5 s 14.1 s 12.5 s
4 9.0 s 9.4 s 7.4 s
Sp 1.39 1.50 1.69

From the experiment we conclude that (1) the

speedup is an increasing function of the dimen-

sion N ; (2) FD and IST yield a higher speedup

than the first order schemes.

Conclusions

In this paper we have studied various split-step

Fourier transform methods for the numerical

solution of the complex modified Korteweg-de

Vries (CMKdV) equation. We have dealt with

both sequential and parallel implementations

of three different split-step Fourier schemes.



Our numerical simulations have demonstrated
that the split-step Fourier method is an ef-
fective and efficient algorithm for the CMKdV
equation.

Based on the studies presented in this paper,
we can draw the following conclusions:

1. All of the three schemes presented in this
paper give feasible solutions for the CMKdV
equation.

2. The finite difference (FD) and the local
IST approximation schemes out-perform in
general the first order scheme. This point
has been demonstrated by comparing the
stability, convergence rate, computation time
and the speedup.

3. Our parallel versions of these schemes have
been developed based on the parallel al-
gorithms of the discrete Fourier transform



and the finite difference approximation. By

implementing these algorithms on the Ori-

gin 2000 multiprocessor computer, speedup

is achieved. The larger the spatial dimen-

sion N is, the higher the speedup can be

achieved.
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