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1. Introduction
Solitary waves are important for nonlinear wave equations.

Due to recent advances on numerical methods, solitary wave
computations have now become very easy for any wave
equation, any spatial dimension, and any ground state or
excited state.

Available numerical methods for computing solitary waves:
1. the Newton’s method
2. the shooting method
3. the Petvisahvili-type methods
4. the accelerated imaginary time evolution method
5. the squared-operator-type methods
6. the conjugate gradient method
7. ...



1. Introduction

The Newton’s method is hard to implement in two and higher
dimensions

The shooting method works only for 1D problems

In this tutorial, we will describe the following leading methods:
1. the Petvisahvili-type methods
2. the accelerated imaginary time evolution method
3. the squared-operator-type iteration methods
4. the conjugate gradient method



2. The Petviashvili method

This method was first proposed for homogeneous equations
with power-law nonlinearity by V.I. Petviashvili in 1976

Its convergence conditions for homogeneous equations with
power-law nonlinearity was obtained in 2004 by Pelinovsky and
Stepanyants

Extensions to more general equations made by
I Musslimani and Yang 2004
I Ablowitz and Musslimani 2005
I Lakoba and Yang 2008



2. The Petviashvili method
We use use the multi-dimensional NLS equation with power-law
nonlinearity

iUt +∇2U + |U|p−1U = 0 (1)

to present this method. Here p > 1, and ∇2 is the
multi-dimensional spatial Laplacian operator.

This equation admits a ground state solution U(x, t) = eiµtu(x),
where u(x) > 0, µ > 0 is the propagation constant, and

∇2u + up = µu. (2)

This equation can be written as

Mu = up, (3)

or
u = M−1up, (4)

where M = µ−∇2.



2. The Petviashvili method

To determine this ground state, if one directly iterates Eq. (4),
the iterative solution will diverge to zero or infinity.

The basic idea of the Petviashvili method is to introduce a
stabilizing factor into this fixed-point iteration. The purpose of
this stabilizing factor is to pump up the iterative solution when it
decays, and to suppress it when it grows.

The Petviashvili method for Eq. (2) is

un+1 = Sγ
n M−1up

n , (5)

where
Sn =

〈Mun,un〉
〈up

n ,un〉
, (6)

and γ is a constant.



2. The Petviashvili method
This constant can be chosen heuristically as follows.

un+1 = Sγ
n M−1up

n

Sn =
〈Mun,un〉
〈up

n ,un〉
Suppose the exact solution u(x) = O(1). After some iterations,
if the iterative solution becomes un(x) = O(ε), where ε� 1 or
ε� 1. Then we see that Sn = O(ε1−p), thus
un+1 = O(ε(1−p)γ+p). In order for the iterative solution un+1 to
become O(1), we require

(1− p)γ + p = 0, (7)

thus γ should be taken as

γ =
p

p − 1
. (8)



2. The Petviashvili method

Example: the cubic NLS equation in two dimensions:

uxx + uyy + u3 = µu, µ = 1. (9)

−15 ≤ x , y ≤ 15, 128× 128 grid points

γ =
p

p − 1
=

3
2

spatial derivative: computed by FFT

spatial accuracy: spectral



2. The Petviashvili method
MATLAB code of the Petviashvili method
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 Lx=30; Ly=30; Nx=128; Ny=128; errormax=1e-10; nmax =300;
 x=-Lx/2:Lx/Nx:(Lx/2-Lx/Nx); y=-Ly/2:Ly/Ny:(Ly/2-Ly /Ny);
 kx=[0:Nx/2-1 -Nx/2:-1]*2*pi/Lx; ky=[0:Ny/2-1  -Ny/ 2:-1]*2*pi/Ly;
 [X,Y]=meshgrid(x,y); [KX,KY]=meshgrid(kx,ky); K2=K X.^2+KY.^2;
 p=3; gamma=p/(p-1);
 mu=1; U=2.2*exp(-(X.^2+Y.^2));
 for  nn=1:nmax
    Mu=ifft2(fft2(U).*(mu+K2));
    U3=U.*U.*U;
    L0U=U3-Mu;

    errorU(nn)=max(max(abs(L0U)));
    if  errorU(nn) < errormax
        break
    end
    alpha=sum(sum(Mu.*U))/sum(sum(U3.*U));
    U=alpha^gamma*ifft2(fft2(U3)./(mu+K2));
 end
 subplot(221); mm=36:94; mesh(x(mm), y(mm), U(mm,mm ));
 axis([x(36) x(94) y(36) y(94) 0 2])
 subplot(222); semilogy(0:nn-1, errorU, 'linewidth' , 2)
 axis([0 50 1e-11 10])
 xlabel( 'number of iterations', 'fontsize', 15)

 ylabel( 'error' , 'fontsize' , 15)
 



2. The Petviashvili method
Results: fast convergence
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Exploration by varying γ:
I 1.25 ≤ γ ≤ 1.75, fastest convergence
I 1 < γ < 2: convergence
I γ ≤ 1 or γ ≥ 2: divergence



2. The Petviashvili method

Regarding the convergence of this Petviashvili method on
equation

∇2u + up = µu

we have the following theorem.

Theorem
For the ground state u(x) in Eq. (2), if the initial condition is
sufficiently close to the exact solution u(x), then the Petviashvili
method (5) converges if and only if 1 < γ < p+1

p−1 . The fastest
convergence occurs when γ = γopt ≡ p

p−1 .

This agrees with the numerical experiments on the 2D cubic
NLS equation on previous slide.



2. The Petviashvili method

Sketch of proof. Use the linearization method.

un(x) = u(x) + ũn(x), ũn � u. (10)

The linear iteration equation for the error ũn(x) is

ũn+1 = (1 + L)ũn, (11)

where the iteration operator L is

LΨ = M−1L1Ψ− γ
〈L1Ψ,u〉
〈Mu,u〉

u, (12)

and
L1 = −M + pup−1 (13)

is the linearization operator of the original equation Mu = up.



2. The Petviashvili method

ũn+1 = (1 + L)ũn

The error ũn would decay if and only if
1. all non-zero eigenvalues Λ of L satisfy the condition
|1 + Λ| < 1, i.e. −2 < Λ < 0;

2. the kernel of L contains only translation-invariance
eigenfunctions uxj .

So we need to analyze the spectrum of L:

LΨ = M−1L1Ψ− γ
〈L1Ψ,u〉
〈Mu,u〉

u



2. The Petviashvili method

Spectrum of M−1L1 = M−1(−M + pup−1):

λ
0

λ
2

0−1

I has no continuous spectrum
I all eigenvalues of M−1L1 are real:

λ0 > λ1 > λ2 > . . .

I λ0 = p − 1 > 0, with M−1L1u = (p − 1)u
I λ1 = 0
I the negative eigenvalues have a lower bound −1



2. The Petviashvili method

For iteration operator L:

LΨ = M−1L1Ψ− γ
〈L1Ψ,u〉
〈Mu,u〉

u

its spectrum is:

λ
0

λ
2

0−1

Λ = (1− γ)λ0, λ1, λ2, λ3, . . . ,



2. The Petviashvili method
Proof of spectrum of L:

(1) For any two eigenfunctions ψk and ψm of M−1L1:

〈ψk ,Mψm〉 = δkm. (14)

(2) M−1L1u = (p − 1)u

Using these relations, we can easily show

Lψk = λkψk , k = 1,2, ... (15)

and
Lu = (1− γ)λ0 u = (1− γ)(p − 1) u. (16)

Thus, the spectrum of L is

Λ = (1− γ)λ0, λ1, λ2, λ3, . . . ,



2. The Petviashvili method

From these results, we can see that the Petviashvili method (5)
will converge if and only if

−2 < (1− γ)γ0 < 0

or
−2 < (1− γ)(p − 1) < 0

i.e.
1 < γ <

p + 1
p − 1

. (17)



2. The Petviashvili method

When it converges, the error ũn decays geometrically as Rn,
where the convergence factor R is given by

R = max{|1 + (1− γ)(p − 1)|, 1 + λ2}

When γ = γopt = p/(p − 1), R = Rmin = 1 + λ2 is minimal, thus
the convergence is fastest. This ends the proof of Theorem 1.

In fact, the minimum of R is actually reached when γ falls
anywhere in the interval

1− λ2

p − 1
≤ γ ≤ 1 +

λ2 + 2
p − 1

with γopt = p/(p − 1) lying in its center

in agreement with above testings.



2. The Petviashvili method

But the method only converges to the ground states.

It diverges for excited states (such as vortex solitons):
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2. The Petviashvili method

Extension of convergence results to homogeneous equations
with power nonlinearity:

Mu = up, (18)

where M is a linear self-adjoint and positive definite differential
operator with constant coefficients

The Petviashvili method converges if and only if the following
three conditions are all met:

1. 1 < γ < p+1
p−1 ;

2. L1 contains a single positive eigenvalue;
3. either up−1(x) ≥ 0 for all x, or eigenvalues of M−1L1 are all

greater than −2.



2. The Petviashvili method

Generalizations of the method to more general classes of
equations with arbitrary nonlinearity and inhomogeneities:

I ad hoc generalizations (such as Musslimani and Yang
2004 for

∇2u − V (x , y)u + u3 = µu

I generalization of Ablowitz and Musslimani (2005)
I generalization of Lakoba and Yang (2008)

The generalized methods also usually converge to ground
states and diverge to excited states.

End of Petviashvili methods



3. The accelerated imaginary-time evolution method

Now, we describe the accelerated imaginary-time evolution
method.

Idea of this method for linear equations is quite old (over 50
years)

This method for nonlinear equations was used by physicists in
the past 10 years, but it is quite slow.

Yang and Lakoba (2008) proposed an accelerated
imaginary-time evolution method and obtained its convergence
conditions:

I it converges much faster
I its convergence is directly linked to linear stability

This accelerated method is described below.



3. The accelerated imaginary-time evolution method

Consider the multi-dimensional NLS equations with a general
type of nonlinearity and inhomogeneities:

iUt +∇2U + F (|U|2,x)U = 0. (19)

Solitary waves are sought in the form

U(x, t) = u(x)eiµt , (20)

where u(x) is real,
L00u = µu, (21)

and
L00 ≡ ∇2 + F (u2,x). (22)



3. The accelerated imaginary-time evolution method

In the original imaginary-time evolution method (ITEM), one
numerically integrates the diffusive equation

ut = L00u, (23)

which is obtained from the dispersive equation (19) by
replacing t with −it (hence the name ‘imaginary-time’), and
then normalizes the solution after each step of time integration
to have a fixed power.

The power P of the solitary wave u(x) is defined as its L2 norm

P(µ) =

∫ ∞

−∞
u2(x;µ)dx. (24)



3. The accelerated imaginary-time evolution method

The simplest implementation of numerical time integration is to
use the Euler method, whereby the ITEM scheme is:

un+1 =

[
P

〈ûn+1, ûn+1〉

] 1
2

ûn+1, (25)

and
ûn+1 = un + [L00u]u=un∆t . (26)

Here ∆t is the step size.

If these iterations converge, then a solitary wave solution u(x)
will be obtained, with its power being P and the propagation
constant µ being equal to

µ =
1
P
〈L00u,u〉. (27)



3. The accelerated imaginary-time evolution method

The above ITEM is very slow.

Below we present an accelerated method.

In our accelerated ITEM, instead of evolving the original
imaginary-time equation (23), we evolve the following
pre-conditioned imaginary-time equation

ut = M−1 [L00u − µu] , (28)

where M is a positive-definite and self-adjoint preconditioning
(or acceleration) operator, and µ is obtained from u as

µ =
〈L00u,M−1u〉
〈u,M−1u〉



3. The accelerated imaginary-time evolution method

Applying the Euler method to this new equation, the
accelerated imaginary-time evolution method (AITEM) is:

un+1 = ûn+1

√
P

〈ûn+1, ûn+1〉
, (29)

ûn+1 = un + M−1 (L00u − µu)u=un, µ=µn
∆t , (30)

and

µn =
〈L00u,M−1u〉
〈u,M−1u〉

∣∣∣∣
u=un

. (31)

Here P is the power which is pre-specified.



3. The accelerated imaginary-time evolution method

Example: 2D NLS equation with periodic potential:

iUt + Uxx + Uyy − V0

(
sin2 x + sin2 y

)
U + |U|2U = 0. (32)

Ground-state solitary waves:

U(x , y , t) = u(x , y)eiµt , u(x , y) > 0,

where

uxx + uyy − V0

(
sin2 x + sin2 y

)
u + u3 = µu, (33)

Specify power P = 1.9092



3. The accelerated imaginary-time evolution method

In AITEM, we take

M = c −∇2, c = 2, ∆t = 0.9 (34)

−5π ≤ x , y ≤ 5π, 128× 128 grid points



3. The accelerated imaginary-time evolution method
MATLAB code of the AITEM:
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 Lx=10*pi; Ly=10*pi; Nx=128; Ny=128; c=2; DT=0.9; e rrormax=1e-10; nmax=500;
 dx=Lx/Nx; x=-Lx/2:dx:Lx/2-dx; kx=[0:Nx/2-1  -Nx/2: -1]*2*pi/Lx;
 dy=Ly/Ny; y=-Ly/2:dy:Ly/2-dy; ky=[0:Ny/2-1  -Ny/2: -1]*2*pi/Ly;
 [X,Y]=meshgrid(x, y); [KX,KY]=meshgrid(kx, ky); K2 =KX.^2+KY.^2;
 V=-6*(sin(X).^2+sin(Y).^2);
 P=1.9092;
 U=sech(2*sqrt(X.^2+Y.^2)); U=U*sqrt(P/(sum(sum(abs (U).^2))*dx*dy));
 for  nn=1:nmax
    L00U=ifft2(-K2.*fft2(U))+(V+U.*U).*U;
    MinvU=ifft2(fft2(U)./(K2+c));

    mu=sum(sum(L00U.*MinvU))/sum(sum(U.*MinvU));
    L0U=L00U-mu*U;
    Uerror(nn)=max(max(abs(L0U)));
    if  Uerror(nn) < errormax
        break
    end
    U=U+ifft2(fft2(L0U)./(K2+c))*DT;
    U=U*sqrt(P/(sum(sum(abs(U).^2))*dx*dy));
 end
 mu
 subplot(221); mm=35:94; mesh(x(mm), y(mm), U(mm,mm ));
 axis([x(35) x(94) y(35) y(94) 0 1.3])

 subplot(222); semilogy(0:nn-1, Uerror, 'linewidth' , 2);
 axis([0 170 1e-11 10])



3. The accelerated imaginary-time evolution method
Results:
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3. The accelerated imaginary-time evolution method

Observations:

I when ∆t is too large, the method diverges
I when P ′(µ) < 0, the method diverges

The first fact is reasonable

The second fact signals the method’s connection to linear
stability



3. The accelerated imaginary-time evolution method

Convergence conditions of the AITEM:

Theorem
Define ∆tmax = −2/Λmin, where Λmin is the minimum (negative)
eigenvalue of L:

LΨ = M−1L1Ψ− 〈L1Ψ,M−1u〉
〈u,M−1u〉

M−1u . (35)

Then if ∆t > ∆tmax , the AITEM (29)-(31) diverges.

If ∆t < ∆tmax , denoting p(L) ≡ number of L’s positive
eigenvalues, then

1. If p(L1) = 0 and P ′(µ) 6= 0, then the AITEM converges.
2. Suppose p(L1) = 1, then the AITEM converges for

P ′(µ) > 0 and diverges for P ′(µ) < 0.
3. If p(L1) > 1, the AITEM diverges.



3. The accelerated imaginary-time evolution method

Sketch of proof. Use the linearization technique.

un(x) = u(x) + ũn(x), ũn � u, (36)

then the error satisfies the linear equation

ũn+1 = (1 + ∆t L)ũn, (37)

and
〈ũn,u〉 = 0, for all n

Thus convergence of the AITEM is determined by the
eigenvalues of the problem

LΨ = ΛΨ, Ψ ∈ S, (38)

where
S = {Ψ(x) : 〈Ψ,u〉 = 0}. (39)



3. The accelerated imaginary-time evolution method

The necessary and sufficient conditions for the AITEM to
converge are that

1. for all non-zero eigenvalues Λ of L,

− 1 < 1 + Λ∆t < 1; (40)

2. for the zero eigenvalue (if exists), its eigenfunctions must
be translation-invariance eigenmodes uxj (which lead to a
spatially translated solitary wave and do not affect the
convergence of iterations).

Thus, if ∆t > ∆tmax = −2/Λmin, the AITEM diverges.



3. The accelerated imaginary-time evolution method

When ∆t < ∆tmax , convergence requires Λ < 0.

Introduce the following new variables and operators

Ψ̂ = M1/2Ψ, û = M−1/2u, L̂1 = M−1/2L1M−1/2. (41)

Then the eigenvalue problem becomes the following equivalent
one with eigenvalues unchanged:

L̂Ψ̂ = ΛΨ̂, Ψ̂ ∈ Ŝ, (42)

where

L̂Ψ̂ = L̂1 Ψ̂− Ĥû, Ĥ =
〈L̂1 Ψ̂, û〉
〈û, û〉

, (43)

and
Ŝ = {Ψ̂(x) : 〈Ψ̂, û〉 = 0}. (44)



3. The accelerated imaginary-time evolution method

The new eigenvalue problem is the same as the linear-stability
problem of u(x) when u(x) > 0.

This problem was analyzed by Vakhitov and Kolokolov in 1973.

Repeating their analysis, we get
1. If p(L1) = 0 and P ′(µ) 6= 0, then the AITEM converges.
2. Suppose p(L1) = 1, then the AITEM converges for

P ′(µ) > 0 and diverges for P ′(µ) < 0.
3. If p(L1) > 1, the AITEM diverges.

Immediate consequence:
For positive (nodeless) solitary wave u(x),
AITEM converges ⇔ u(x) is linearly stable



3. The accelerated imaginary-time evolution method

Example:
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At point ‘d’, AITEM diverges because u(x) there is linearly
unstable.

This link between convergence and linear stability is a unique
property of the AITEM.



3. The accelerated imaginary-time evolution method

Optimal acceleration of the AITEM

∇2u + F (u2,x)u = µu (45)

M = c −∇2

What c gives optimal acceleration?

For localized potentials in Eq. (45), we have a strong result
(Yang and Lakoba 2008):

Theorem
For Eq. (45) with lim|x|→∞ F (0,x) = 0, if the function

V(x) ≡ F (u2,x) + 2u2Fu2(u2,x)

does not change sign, then copt = µ in the AITEM.



3. The accelerated imaginary-time evolution method

Example: consider ground states u(x) > 0 in equation

uxx + 6sech2x u − u3 = µu

Then our results give

I The AITEM converges when ∆t is below certain threshold
I

M = µ− ∂xx is optimal

To compare: the generalized Petviashvili method on this
equation has no convergence guarantee.



3. The accelerated imaginary-time evolution method

Common features of the Petviashvili-type methods and the
AITEM:

I both generally diverge for excited states because p(L1) > 1
I convergence for vector equations is more problematic,

even for ground states (no convergence theorems yet).

Next we will describe several iteration methods which converge
for both ground and excited states.



4. The squared-operator-type methods

These methods were developed in

Yang and Lakoba, Stud. Appl. Math. 2008

The basic idea is to time-evolve a “squared-operator" evolution
equation

These methods can converge to arbitrary solitary waves, and
the convergence is quite fast in many situations.



4. SOM
Consider the general vector solitary wave equation

L0u(x) = 0. (46)

x: a vector; u(x) real-valued vector

Here the propagation constant is lumped into L0.
The SOM we propose is

un+1 = un −
[
M−1L†1M−1L0u

]
u=un

∆t , (47)

where
L1: the linearized operator of L0
M: positive-definite Hermitian preconditioning operator
∆t : step-size parameter

This scheme incorporates two key ideas:
(a) squared-operator
(b) acceleration by preconditioning



4. SOM
Why squaring the operator?
Because the error in SOM satisfies the equation

ũn+1 = (1 + ∆t L)ũn, (48)

where the iteration operator L is:

L ≡ −M−1L†1M−1L1. (49)

Due to squaring, operator L is semi-negative definite, thus all
its eigenvalues Λ ≤ 0
Thus

1 + ∆t Λ ≤ 1

Then if
1 + ∆t Λ > −1

i.e.

∆t < − 2
Λmin

all error modes will decay, thus SOM will converge.



4. SOM

We have the following simple theorem:

Theorem
For a general solitary wave u(x), define

∆tmax = − 2
Λmin

,

then the SOM converges to u(x) if ∆t < ∆tmax , and diverges if
∆t > ∆tmax .



4. SOM

Why preconditioning with M?
to reduce the condition number of the iteration operator L, so
that convergence is faster.

This preconditioning is similar to the acceleration in the
imaginary-time evolution method.



4. SOM
Example: Gap solitons in the 2D NLS equation with periodic
potentials and self-defocusing nonlinearity:

uxx + uyy − 6
(

sin2 x + sin2 y
)

u − u3 = µu. (50)

At µ = −5, it has the following soliton:
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4. SOM

Both Petviashvili and AITEM diverge for this gap soliton.

Now we use SOM to compute it:

M = c − ∂xx − ∂yy , c = 1.5

∆t = 0.51

spatial domain: −5π ≤ x , y ≤ 5π

grid points: 128× 128



4. SOM
MATLAB code of the SOM:
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 Lx=10*pi; Ly=10*pi; N=128; nmax=2000; errormax=1e- 10;
 x=-Lx/2:Lx/N:Lx/2-Lx/N; dx=Lx/N; kx=[0:N/2-1  -N/2 :-1]*2*pi/Lx;
 y=-Ly/2:Ly/N:Ly/2-Ly/N; dy=Ly/N; ky=[0:N/2-1  -N/2 :-1]*2*pi/Ly;
 [X,Y]=meshgrid(x, y); [KX, KY]=meshgrid(kx, ky); K 2=KX.^2+KY.^2;
 V=-6*(sin(X).^2+sin(Y).^2);
 mu=-5; U=1.15*sech(sqrt(X.^2+Y.^2)).*cos(X).*cos(Y );
 c=1.5; DT=0.51;
 for  nn=1:nmax                            
    L0U=ifft2(-K2.*fft2(U))+(V-U.*U-mu).*U;
    Uerror(nn)=max(max(abs(L0U))); Uerror(nn)

    if  Uerror(nn) < errormax
        break
    end
    MinvL0U=ifft2(fft2(L0U)./(K2+c));
    L1HermitMinvL0U=ifft2(-K2.*fft2(MinvL0U))+(V-3* U.*U-mu).*MinvL0U;
    MinvL1HermitMinvL0U=ifft2(fft2(L1HermitMinvL0U) ./(K2+c));
    U=U-MinvL1HermitMinvL0U*DT;
 end
 subplot(221); mm=35:94; mesh(x(mm), y(mm), U(mm,mm ));
 axis([x(35) x(94) y(35) y(94) 0 1.3])
 subplot(222); semilogy(0:nn-1, Uerror, 'linewidth' , 2);
 axis([0 1.2*nn 1e-11 10]); 

 



4. SOM

Result:
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Not bad, but slow



4. MSOM

To further improve the convergence speed of SOM, we
incorporate another idea: eigenmode elimination

Idea: move the slow-mode’s eigenvalue Λs of the SOM’s
iteration operator L to −1, so that this slow mode decays the
fastest now

0−1Λ
s



4. MSOM
How? We try to construct a new iteration operator

LMΨ = LΨ− α〈MG, LΨ〉G, (51)

where G is the eigenmode of this eigenvalue Λs to be moved.

It is easy to check that

the spectrum of LM = spectrum of L

except that Λs → (1− α〈MG,G〉)Λs.

Now we set the decay factor of this mode to be zero:

1 + (1− α〈MG,G〉)Λs∆t = 0, (52)

then α should be

α =
1

〈MG,G〉

(
1 +

1
Λs∆t

)
. (53)

If so, convergence will be improved.



4. MSOM

How to obtain the slow-mode’s eigenfunction G?

G ≈ un − un−1

How to obtain the slow-mode’s eigenvalue Λs?

From LG = ΛsG, we get

Λs ≈
〈MG, LG〉
〈MG,G〉



4. MSOM

The scheme corresponding to the above idea is MSOM:

un+1 = un −
[
M−1L†1M−1L0u− αn〈Gn, L†1M−1L0u〉Gn

]
u=un

∆t ,

(54)
where

αn =
1

〈MGn,Gn〉
− 1
〈L1Gn, M−1L1Gn〉∆t

, (55)

Gn = un − un−1.

This MSOM incorporated three key ideas:
(a) squared-operator idea
(b) acceleration idea
(c) eigenmode elimination idea



4. MSOM

Example: Gap solitons in the 2D NLS equation with periodic
potentials and self-defocusing nonlinearity:

uxx + uyy − 6
(

sin2 x + sin2 y
)

u − u3 = µu, (56)

At µ = −5, with

M = c − ∂xx − ∂yy , c = 2.9

∆t = 1.7

spatial domain: −5π ≤ x , y ≤ 5π

grid points: 128× 128



4. MSOM
3/20/09 4:26 PM C:\Documents and Settings\Jianke\Desk top\At...\gap_soliton_MSOM.m 1 of 1

 Lx=10*pi; Ly=10*pi; N=128; nmax=1000; errormax=1e- 10;
 x=-Lx/2:Lx/N:Lx/2-Lx/N; dx=Lx/N; kx=[0:N/2-1  -N/2 :-1]*2*pi/Lx;
 y=-Ly/2:Ly/N:Ly/2-Ly/N; dy=Ly/N; ky=[0:N/2-1  -N/2 :-1]*2*pi/Ly;
 [X,Y]=meshgrid(x, y); [KX, KY]=meshgrid(kx, ky); K 2=KX.^2+KY.^2;
 V=-6*(sin(X).^2+sin(Y).^2);
 mu=-5; U=1.15*sech(sqrt(X.^2+Y.^2)).*cos(X).*cos(Y );
 c=2.9; DT=1.7;
 for  nn=1:nmax                            
    Uold=U; F0=V-U.*U-mu; F1=V-3*U.*U-mu;
    L0U=ifft2(-K2.*fft2(U))+F0.*U;

    Uerror(nn)=max(max(abs(L0U))); Uerror(nn)
    if  Uerror(nn) < errormax
        break
    end
    MinvL0U=ifft2(fft2(L0U)./(K2+c));
    L1HermitMinvL0U=ifft2(-K2.*fft2(MinvL0U))+F1.*M invL0U;
    MinvL1HermitMinvL0U=ifft2(fft2(L1HermitMinvL0U) ./(K2+c));
    if  nn == 1
        U=U-MinvL1HermitMinvL0U*DT;
    else
        fftG=fft2(G); L1G=ifft2(-K2.*fftG)+F1.*G;
        MinvL1G=ifft2(fft2(L1G)./(K2+c)); MG=ifft2( fftG.*(K2+c));

        alpha=1/sum(sum(MG.*G))-1/(DT*sum(sum(L1G.* MinvL1G)));
        U=U-(MinvL1HermitMinvL0U-alpha*sum(sum(G.*L 1HermitMinvL0U))*G)*DT;
    end
    G=U-Uold;
 end
 subplot(221); mm=35:94; mesh(x(mm), y(mm), U(mm,mm ));
 axis([x(35) x(94) y(35) y(94) 0 1.3])
 subplot(222); semilogy(0:nn-1, Uerror, 'linewidth' , 2);
 axis([0 350 1e-11 10])



4. MSOM

Results:
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MSOM is several times faster than SOM.



4. More examples of MSOM
Example: fundamental soliton in the 2D SHG model

uxx + uyy + uv = µu, (57)

1
2

[
vxx + 5vyy +

1
2

u2 − v
]

= µv . (58)

Equations not radially symmetric.
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4. More examples of MSOM
Example: A dipole vector soliton in the coupled 2D NLS
equations

uxx + uyy +
u2 + v2

1 + s(u2 + v2)
u = µ1u, (59)

vxx + vyy +
u2 + v2

1 + s(u2 + v2)
v = µ2v , (60)
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4. SOM and MSOM for dissipative solitons

In dissipative systems, such as Ginsburg-Landau equation,

iUt + (1− γ1i)Uxx − iγ0U + |U|2U = 0 (61)

solitary waves U(x , t) = u(x)eiµt exist at isolated propagation
constants µ.

We have to determine

u(x) and µ

simultaneously.

To handle this case, we extend the idea of SOM and MSOM.



4. SOM for dissipative solitons

Consider equation

L0u ≡ L00u− µu = 0, (62)

then our SOM scheme is

un+1 = un −
[
M−1L†1M−1L0u

]
u=un, µ=µn

∆t , (63)

µn+1 = µn + 〈u,M−1L0u〉
∣∣∣
u=un, µ=µn

∆t . (64)

This scheme converges for all isolated solitons as well under
time-step restrictions.



4. MSOM for dissipative solitons

MSOM scheme:

un+1 = un +
[
−M−1L†1M−1L0u− αnθnGn

]
u=un, µ=µn

∆t ,

and

µn+1 = µn +
[
〈u,M−1L0u〉 − αnθnHn

]
u=un, µ=µn

∆t ,

where

αn =
1

〈MGn,Gn〉+ H2
n
− 1
〈(L1Gn − Hnu) , M−1 (L1Gn − Hnu)〉∆t

,

θn = −〈L1Gn − Hnu, M−1L0u〉,

Gn = en ≡ un − un−1, Hn = µn − µn−1.



4. SOM and MSOM for dissipative solitons

Example Dissipative solitons in the Ginzburg-Landau equation:

(1− γ1i)Uxx − iγ0U + |U|2U = µU. (65)

The dissipative soliton at γ0 = 0.3 and γ1 = 1 is as below.
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Note: this solution is unstable, thus can not be obtained by
evolution methods.



5. The conjugate gradient method

The latest numerical method for solitary waves we developed is
the conjugate gradient method:

J. Yang, "Conjugate gradient method for solitary wave
computations", submitted (2009)

I it converges for both the ground and excited states
I it converges much faster than the other methods
I it is also easy to implement

Thus we expect this method to become the premier method for
solitary wave computations in the days to come.



5. The conjugate gradient method

Consider a general solitary wave equation in arbitrary spatial
dimensions,

L0u(x) = 0. (66)

Suppose we have an approximate solution un(x) close to exact
solution u(x). To obtain the next iteration un+1(x), write

u(x) = un(x) + en(x), en(x) � 1. (67)

Substitute into Eq. (66) and expand around un(x), we get

L0un + L1nen = O(e2
n). (68)

Here L1n is the linearization operator L1 of the solitary wave
equation (66) evaluated at the approximate solution un(x).



5. The conjugate gradient method

Neglecting the higher order term on the right hand side, we get

L1nen = −L0un

thus we update the approximate solution as

un+1(x) = un(x) + ∆un(x), (69)

where
L1n∆un = −L0un. (70)

The above idea is identical to the Newton’s method. Thus, if the
linear equation (70) is solved exactly, then the iterations (69)
will converge to the exact solution u(x) quadratically.



5. The conjugate gradient method
How to solve

L1n∆un = −L0un ?

Newton’s method: solve it directly by LU or QR

Our method: use the conjugate gradient method.

Review of the conjugate gradient method:

I It is the most prominent iterative method for solving matrix
equations

Ax = b

I It was first proposed by Hestenes and Stiefel (1952), and
has been described in numerous papers and books (Golob
and Van Loan book, Ryaben’kii and Tsynkov book, ...)

I Its rigorous theory is developed when A is symmetric
positive definite:



5. The conjugate gradient method

Ax = b

When A is positive definite, the conjugate gradient method
I gives exact solution with n steps, where n is matrix size
I with preconditioning, it reaches a specified accuracy in

much less steps than n
I the error decays monotonically

For matrix equation
Ax = b (71)

If A is symmetric but indefinite, no rigorous theory on its
convergence exists, and breakdown might occur.

Not much testing in literature on its application to indefinite
matrices



5. The conjugate gradient method

For our equation

L1n∆un = −L0un (72)

operator L1n is indefinite. Can we still apply the conjugate
gradient method?

Our extensive testing on Ax = b and (72) shows:

the conjugate gradient method always converged quickly for
indefinite matrices A and indefinite operators L1n — no
exception !!!

On this basis, we extend the conjugate gradient method to
solve Eq. (72).



5. The conjugate gradient method
Our preconditioned conjugate gradient method for equation

L1∆u = −L0u

is
∆u(0) = 0,

R(0) = −L0u,

D(0) = M−1R(0),

a(i) =
〈R(i), M−1R(i)〉
〈D(i), L1D(i)〉

,

∆u(i+1) = ∆u(i) + a(i)D(i),

R(i+1) = R(i) − a(i)L1D(i),

b(i+1) =
〈R(i+1), M−1R(i+1)〉
〈R(i), M−1R(i)〉

,

D(i+1) = M−1R(i+1) + b(i+1)D(i).

Here i = 0,1,2, . . . is the index of conjugate gradient iterations



5. The conjugate gradient method

To summarize, our method for general solitary wave equation

L0u(x) = 0

is:
un+1(x) = un(x) + ∆un(x),

L1∆u = −L0u,

and the latter linear operator equation is solved by the
preconditioned conjugate gradient method on the previous slide

Our extensive numerical testings shows this method:
I converges for both the ground and excited states
I converges much faster than the other methods, often by

orders of magnitude
I is easy to implement



5. Examples of the conjugate gradient method

Example: Vortex solitons in the 2D NLS equation

uxx + uyy + |u|2u = µu. (73)

−15 ≤ x , y ≤ 15, 128× 128 grid points

M = c − ∂xx − ∂yy , c = 3



5. Examples of the conjugate gradient method
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5. Examples of the conjugate gradient method

Example: Depression and elevation waves in the
fifth-order KdV equation

uxxxx + 2uxx + 3u2 = v u, v = −1.2 (74)

−15π ≤ x ≤ 15π, 512 grid points

M = ∂xxxx + 2∂xx − v ,



5. Examples of the conjugate gradient method
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5. Examples of the conjugate gradient method

Example: Semi-infinite-gap solitons in the 2D NLS
equation with periodic potentials

uxx + uyy − 6
(

sin2 x + sin2 y
)

u + u3 = −µu, (75)

−5π ≤ x ≤ 5π, 256× 256 grid points

M = c − ∂xx − ∂yy , c = 3



5. Examples of the conjugate gradient method
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5. Examples of the conjugate gradient method

Example: First-gap solitons in the 2D NLS equation with
periodic potentials

uxx + uyy − 6
(

sin2 x + sin2 y
)

u − u3 = −µu, (76)

−5π ≤ x ≤ 5π, 256× 256 grid points

M = c − ∂xx − ∂yy , c = 3



5. Examples of the conjugate gradient method
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5. Examples of the conjugate gradient method
Example: Depression and elevation waves in the fifth-order
KP equation

(Ut + 6UUx + 2Uxxx + Uxxxxx)x + Uyy = 0, (77)

U(x , y , t) = u(x − vt , y)

(uxxxx + 2uxx + 3u2 − vu)xx + uyy = 0. (78)

Take v = −1.2,

−60π < x < 60π,−30π < y < 30π

1024× 128 grid points

M = c − ∂xx(∂xxxx + 2∂xx − v)



5. Examples of the conjugate gradient method
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5. Other versions of the conjugate gradient method

Other versions of the conjugate gradient methods for solitary
waves have also been explored

(a) The nonlinear conjugate gradient method applied directly to
L0u(x) = 0: Yang 2009 (submitted)

I terrible, almost always diverges

(b) The nonlinear conjugate gradient method with mode
elimination (Lakoba 2009 submitted)

I works only for ground states
I several times slower than our conjugate gradient method

above



6. Summary

Recent developments in numerical methods have made
solitary-wave computations a very easy matter now

This tutorial covered a number of leading methods:

1. the Petvisahvili-type methods (for ground states)
2. the accelerated imaginary time evolution method (for

ground states)
3. the squared-operator-type methods (for both ground and

excited states)
4. the conjugate gradient method (for both ground and

excited states)

and presented their convergence properties and other notable
properties.



6. Summary

All these methods are very easy to implement, and are
spectrally accurate in space.

The premier method: our latest conjugate gradient method

I this method is much faster than the other methods
I it converges for all solitary waves, both ground states and

excited states

A typical solitary wave computation, even for vector equations
and in high dimensions, should be expected to finish under a
minute or two

The problem of computing solitary waves can be considered
solved now.
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